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Toward extracting the scattering phase shift from integrated correlation functions
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In present work, a relation that connects the integrated correlation function of a trapped two-particle
system to infinite volume particles scattering phase shift is derived. It has the potential to provide an
alternative approach for extracting two-particle scattering phase shift from integrated correlation function in
lattice simulation at small Euclidean time region. Both (i) perturbation calculation of (1 4 1)-dimensional
lattice Euclidean field theory model of fermions interacting with a contact interaction and (ii) Monte Carlo
simulation of a 1D exactly solvable quantum mechanics model are carried out to test the proposed relation.
In contrast to conventional two-step approach of extracting energy levels from temporal correlation function
in lattice simulation at large Euclidean time first and then applying Liischer formula to convert energy levels
into scattering phase shifts, we show that the difference of integrated correlation functions between
interacting and noninteracting trapped systems converges rapidly to infinite volume limit that is given in
terms of scattering phase shifts at small Euclidean time region.
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I. INTRODUCTION

Study of hadron/nuclear particles interactions and proper-
ties of few-body resonances from the first principles,
quantum chromodynamics (QCD) that is the underlying
theory of quark and gluon interactions, is one of the major
tasks in modern hadron/nuclear physics. In particular
hadron/nuclear particles provide the only means of under-
standing the quark and gluon dynamics. However, extracting
information of hadron/nuclear particle interactions from the
first principles, such as scattering phase shifts, is not always
straightforward. Usually theoretical computations are per-
formed in various traps, for instance, periodic cubic box in
lattice quantum chromodynamics (LQCD) and harmonic
oscillator trap in nuclear physics. As the result of trapped
systems, the energy spectra become discrete. To extract the
scattering information, normally the two-step procedures are
carried out: (1) First of all, discrete low-lying few-body
energy levels are extracted by fitting exponential decaying
behavior of correlation functions in Euclidean space-time,
and looking for the plateau in temporal correlation functions
when Euclidean time is large enough so that all excited
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energy levels decay off rapidly and only lowest energy
level becomes dominant. The energy spectra of excited
states can be extracted in a similar way by applying
variational approach and generalized eigenvalue method
[1-3]; (2) Applying the Liischer formula [4] in LCQD or
Busch-Englert-Rzazewski-Wilkens (BERW) formula [5]
in a harmonic oscillator (h.o.) trap in nuclear physics, the
discrete energy spectra of trapped system can be converted
into scattering phase shifts, etc. The Liischer formula and
BERW formula have been quickly extended to include
inelastic effects, such as coupled-channel effect and three-
body problems, etc.; see, e.g., Refs. [6-45]. This two-step
approach has been proven very successful in number of
applications especially in meson sector; see, e.g.,
Refs. [29,46-57]. However, the two-step approach also
display some disadvantages that are summarized nicely in
Ref. [58] such as the determination of energy levels in
large spatial volume becomes difficult, etc. The situation
is even more challenging in the baryon sector, finding a
clear signal of a stable plateau in nucleon-nucleon reaction
correlation functions and pulling out energy spectra from
the noisy lattice simulation data is already a difficult task.
Therefore, there have been a number of proposals to
explore alternative approaches in recent years, such as
determining scattering amplitudes from finite-volume
spectral functions in Ref. [58] and extraction of spectral
densities from lattice correlators in Refs. [59,60], etc.

In this work, we will establish a connection between
integrated correlation functions and scattering phase shift
that has the potential to provide an alternative approach of
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extracting scattering phase shifts from lattice QCD calcu-
lation and show the following:

®

(i)

(iii)

The difference of integrated trapped two-particle
correlation functions between interacting particles
system and free particles system in 1 + 1 space-time
dimensions is related to infinite volume particles
scattering phase shift, 5(¢), by

C(1) —Co(z)"a"—TmlAwded‘s—(e)e*w@, (1)

t=—it T de b4

where C(t) and Cy(r) are integrated correlation
functions for two interacting and noninteracting
particles in a trap, respectively, and 7z stands for
Euclidean time.

Integrated trapped correlation functions are given in
terms of eigenenergies of two particles by

C(1) = Co(0) =Y e — e, (2)

n

where €, and eﬁ,o) are eigenenergies of two interacting
and noninteracting particles in a trap, respectively.
Hence integrated trapped correlation functions re-
semble the partition function in statistical mechanics,

C(t) = Co(t) FLTe[e P — eP],  (3)

with 7 playing the role of f = ﬁ H and H, are
interacting and noninteracting particles Hamiltonian
operators respectively. The relation given in Eq. (1)
therefore is analogous to the well-known result in the
calculation of the second virial coefficient of quan-
tum gas by a virial expansion approach (also known
as cluster expansion method) in quantum statistical
mechanics, see, e.g., Refs. [61,62].

As discussed in Ref. [62], at high temperature, the
scattering cross section is of the order the square of
the thermal de Broglie wavelength, which becomes
much smaller than the average interparticle distance
in quantum gas systems, hence the inclusion of only
few-body correlations in quantum virial expansion
has proven already sufficient at high temperature
(small f) in describing and understanding properties
of quantum gas systems. In a similar situation, two
distinct physical scales in integrated trapped corre-
lation functions are (1) the Euclidean evolving time 7
that plays the role of square of the thermal de Broglie
wavelength and (2) the size of trap, L. When 7 is
much smaller than L, the difference of integrated
trapped two-particle correlation functions can be
described by series expansion in terms of powers
of /L, we may expect that the difference of
integrated trapped two-particle correlation functions

rapidly approaches the infinite volume limit that is
given in terms of scattering phase shifts in Eq. (1) at
small 7 region even with a modest size of trap. This
conclusion as matter of fact can be easily illustrated
by using relation listed in Eq. (3), near small 7 ~ 0,
by Taylor expansion

et (1-Vr+-- -)e‘ﬁ“,

where V = H — H, stands for interaction operator,
we can show that

C(1) = Co()' = (V(@)r + O((V(2))2), (4)

where (V(z)) = Tr[Ve #0"] may be interpreted as
thermal average of particles interaction that is propor-
tional to the inverse size of trap: (V(7)) « 1. There-
fore, as 7/L < 1, a thermal de Broglie wavelength is
much smaller than the size of a trap, particles
becomes less aware of the finite size of a trap,
and the difference of integrated trapped two-particle
correlation functions agree well with the infinite
volume limit result even with finite size of a trap.
This observation is further illustrated analytically in
great details by perturbation calculation of two-
fermion correlation function of a simple lattice field
theory model in Sec. I'V.

(iv) Another one of our primary goals in this work is thus
first to illustrate numerically that two sides in Eq. (1)
indeed display a rather good agreement at small =
region even with a modest size of the trap, as the size
of trap is increased, the agreement then starts expand
into larger = region, and second to establish the
possibility of extracting the infinite volume particles
scattering phase from Monte Carlo calculation of
integrated correlation functions of trapped two-
particle system at small 7 region. The Monte Carlo
simulation test of a quantum mechanical model with
a spinless particle interacting with a square well
potential in a harmonic trap is carried out in this
work in Sec. V. Monte Carlo data indeed show a
good agreement with infinite volume limit near
small 7 region, and the range of agreement in z
start expanding as the size of trap is increased.

We remark that, at the current scope, all our discussions
are only limited to nonrelativistic dynamics in one spatial
and one temporal dimensional space-time, and a lot of more
studies must to be conducted to include relativistic dynam-
ics and inelastic effect, etc. before it can be applied to
realistic cases in lattice QCD calculation.

The paper is organized as follows. First of all, a field
theory model for the study of nonrelativistic fermions
interaction in a trap is set up in Sec. II, the dynamics of
two fermions interaction in a trap and the two-particle
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correlation function are also presented in Sec. II. The
derivation of the infinite volume limit of integrated two-
particle correlation function, and its relation to particles
scattering phase shift are given in Sec. III. The perturbation
calculation of two fermions correlation function of a lattice
field theory is carried out and presented in Sec. IV. The
1 4+ 1D Monte Carlo simulation test with a exact solvable
quantum mechanics model is presented and discussed in
Sec. V. The discussions and summary are given in Sec. VI.

II. A FIELD THEORY MODEL
FOR NONRELATIVISTIC FERMIONS
INTERACTION IN A TRAP

In this section, we first setup a (1 4 1)-dimensional field
theory model for the study of two nonrelativistic fermions
interaction in a trap. All the conventions are established in
Sec. IT A, the dynamical equations of two particles inter-
action are presented in Sec. II B, and the definition of time
forward propagating two-particle correlation function is
given in Sec. IIC.

A. A field theory model setup

To restrain our current discussion in the case of single
species nonrelativistic particles interaction, a simple
(1 + 1)- dimensional nonrelativistic field theory model of
spin-1/2 fermions interaction via a short-range potential in
a trap is adopted in this work. Hamiltonian operator of the
trapped fermions system is

~ R 1 &
H = Z /dxl//:ﬂ(x) {_%W—F

o="1.0

+% / dedyir (0 () (x = )i ()i (), (5)

u<x>} 7al)

where ¢ = 1, | and m refer to the fermion polarizations
and mass, respectively, and v, (x) stands for the fermion
field operator. The trap potential and short-range interaction
potential between two fermions with opposite polarizations
are represented by U(x) and V(x —y), respectively. Only
spatially symmetric short-range interaction is considered in
this work:

Vix—y)=V({-x),

hence, the interaction between two fermions with the same

polarizations is suppressed by Pauli exclusive principle.
The second quantization representation of Hamiltonian

operator can be obtained by using the following relations:

li’o(x) = Z(pn(x)an,m l/A/I'(x) - Zgof,(x)a;fm, (6)

where a,, and a,T“7 are the annihilation and creation
operators for a single fermion state that is labeled by

quantum numbers of (n,c). The expansion coefficient,
@,(x), is the eigen wave function of single particle state in
the trap corresponding to the eigenenergy of e,(?) , and it
satisfies a Hartree-Fock-like equation, see, e.g., Ref. [63],

&
2m dx?

U(x)] o) = P00, ()

The second quantization representation of Hamiltonian of
trapped fermions system is thus given by

; (0) +
H = E €n Aonly,

o,n

1 P
=+ 5 Z Vn’1 .n’z;nl,nza‘T,nlal.nzai,n’zaT,n’] ’ (8)

ny,ny,n

where

Vapsinas = | dedygl, (907, 00V =)0, (90,0

©)

B. Two fermions interaction in a trap

The two-particle state is defined in this subsection and
dynamical equation of trapped two interacting fermions
system is also presented. We remark that the subscript of
spatial integration of a trapped system, ftrap dx, is sup-
pressed in follows: the spatial integration of a trapped
system for a periodic box and harmonic oscillator trap is
understood as

/ J JEdx,  for a periodic box of size L (10)
X = ‘
[, dx, forah.o.trap

1. Spin singlet state of two fermions in a trap

The state of two fermions with a total spin-S
and interacting with a short-range potential in a trap is
defined by

it A

l//a X l//ﬂ X

|E> = Z/dxldxz‘PE(xl,xz))(g?oz%m%
01,0,

(11)

where Wg(x;,x,) and ;(E;lg?az are spatial and spin wave

functions of two fermions system with total spin-S, respec-
tively. The factor 1/1/2 takes into account the exchange
symmetry of two distinguishable fermions. For spatially
symmetric short-range interaction potentials, such as a
contact interaction, the antisymmetric spatial wave function
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is highly suppressed. Hence only spin single state with total
spin-(S = 0) is considered in the current work,

5=0 1
)(57102) = ﬁ (561,T502,¢ - 5a],¢562,T)’ (12)

and spatial wave function is symmetric under exchange of
coordinates of two particles,

We(xy,x5) = We(xs, xp). (13)

The second quantization representation of two-fermion state
is given by

1 ~
|E> = 5 z:lPE(n] B n2)(a;.ﬂ|a1.nz - alma?nz)m% (14)

ny,ny

where

li'E(’ll,nz) :/dxldx2lPE(xlvx2)(pjz](xl)(/’jzz(XZ)’ (15)

and it is symmetric under exchange of two-particle state
indices,

We(ny, ny) = Pe(ny, ny). (16)

In the basis of single particle wave functions, the two-
fermion spatial wave function is thus given by

Ye(xp.xp) = Z@E(”hnz)%] (xX1)@n, (x2).  (17)

.y
The orthogonality of two-fermion states,

(E|E") = Spp
yields that the spatial wave functions are orthonormal and

Zq‘*E’(nl’nZ)q‘E(nl’nZ) =0pp- (18)

ny.n,

We remark that our current discussion is restricted to
only a two-particle elastic region, so that the Fock space
expansion in Egs. (11) and (14) is only limited to a two-
particle state contribution, the multiparticle states with a
number of particles equal or greater than 3 are all neglected
for now.

2. Dynamical equation of trapped two-fermion system

The effective dynamical equation for two-particle state
can be derived from the variational principle by evaluating

0

= (E'\H-E|E)=0. 19
6‘I‘*E,(x1,x2)< | |E) (19)

With the help of relation in Eq. (17), we find that
HegWi(x). x,) = E¥g(x). X)), (20)

where the effective two-particle Hamiltonian is given by the
sum of kinetic terms of particle in the trap and interaction
potential between two particles:

I:Ieff = f{trap + V(xl - Xz), (21)
where

o ==L ) - L Uy, 22
W T omdn Y T amad O

In the basis of single particle wave functions, the eigene-
nergy and eigenstate can be solved by diagonalizing the
matrix element of an effective two-particle Hamiltonian,

- 0 0
[Heff]nl.nz;n’l WA = 5"/1 Ny an’z.nz (61(11) + €£’2>) + an,ng;n’] N (23)

3. Separation of center of mass and relative motions

The c.m. motion can be separated out rather straight-
forwardly for some commonly used traps, such as periodic
box in lattice QCD, harmonic oscillator trap in nuclear
physics, etc.

1 &
_ZW“I“ Urel(r)v (24)

N 1 &
]—Itrap:_WW‘F c.m.(R)

where
M =2m and u :%

are the total mass and reduced mass of two-particle system,
respectively, and

R:X1+X2

and r=x;—x,

are center of mass and relative coordinates of two particles,
respectively. The U, ,, (R) and U,,(r) represent the trap
potentials for center of mass and relative motions, respec-
tively. As a specific example, the harmonic oscillator trap
potential for an individual particle is

U(x) = = ma*x?, (25)

where w is angular frequency of harmonic oscillator. The
trap potentials for center of mass and relative motions have
the similar forms but the mass of particle, m, must be
replaced by total mass and reduced mass, respectively,
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1 1
Ucm (R) = = Ma’R?, 3 uw*rt.  (26)

) Urel(r) =

The total wave function is thus the product of center of
mass wave function and relative wave function,

We(xr,x) = ™ Ryl (),

c.m.

E= Ec.m. + €, (27)

they satisfy Schrodinger equations:

1 & (c:m.) (c.m.)

“amar? " Yem m(R)|wg, " (R)=E.owg, “(R). (28)
and

L& (rel) (rel)

“2udr + Ua(r) + V(1) |we '(r) =ewe '(r). (29)

C. Two fermions correlation function

In lattice QCD, particles interaction are usually studied
via evaluating time dependence of correlation functions
numerically from the first principle. To illustrate how the
two-particle correlation function is related to a particle
scattering phase shift, first we define the forward time
propagating two-particle correlation function by

C(rt:70)| g = 0(1) 01Oy (r. ) D}y (. 0)[0).  (30)
The two-particle creation operator in Heisenberg picture is
given by

Ol(r,1) = 1O (r)e~i, (31)

where
O (r) = /de;i.I:.)(R)l/};(xl)é\/I(xz) ;VA’I (xl)l/A/TT(xz)’
(32)

and c.m. motion has been projected out in definition of
O'(r) operator.

Inserting complete energy basis in between two-particle
annihilation and creation operators,

Y IE)(El =

and also using Eq. (11), it is straightforward to show that
(EIO" (r)[0) = y™"(r). (33)

We thus find

C(rt;r0)|,o0 = e_iEC-m-’C(rel>(rf§ 70)| >0, (34)

where the correlation function for the relative motion of
two-particle system is given by

C(rel)(rt; r/0>|t>0 _ H(t)ze—ietwgrel) (r)wgrel)*U/)' (35)

€

Using identity

) © dE e—iEt
l/_w%E_’_iO—H(I), (36)

the two-particle correlation function can also be written as

Wrel I‘ (rel)x (r/> ‘
C (rt;70)| o0 = / Z d _e'_o e,
A—¢ 1

(37)

Hence the two-particle correlation function is related to
Green’s function of two-particle interaction in a trap by

o dA )
C(rel)(rt;r’0)|,>0—i/ Z—G(‘mp)(r,r’;i—kiO)e‘l’”, (38)

o 2T

where the spectral representation of two-particle Green’s
function is given by

(rel) (rel)s
G) (r, ;) ZWE r) v (r’)’ (39)

and it satisfies the differential equation

1 &
+27ﬁ_ Urai(r) = V(I”):| G(trap)(r’ r'ie) =o6(r—r).
udr

(40)

III. INTEGRATED TWO-PARTICLE
CORRELATION FUNCTION AND ITS RELATION
TO SCATTERING PHASE SHIFT

The detailed derivation of how an integrated two-particle
correlation function is related to scattering phase shift are
presented in Sec. III B, we show that the infinite volume
limit of difference of integrated correlation functions
between two interacting and noninteracting particles in
the trap approaches

1 [ db . 6(0
_/ d€ <€> e—l€l+ ( )7
0

b3 de T

where §(¢) is a two-particle scattering phase shift in infinite
volume. The relation is then illustrated by using an exactly
solvable contact interaction model in both periodic box and
harmonic oscillator trap in Sec. III C.
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A. Integrated two-particle correlation function

Using orthogonality of two-particle wave function, the
integrated two-particle correlation function is related to
energy spectra simply by

C(re])<t)|t>0 = /drc(rel)(rt; r0)|t>0 = Q(Z)Ze_ia' (41)

€

Using Eq. (38), the integrated two-particle correlation
function is therefore also given by

S .
CrN (1)) = i / 5 TG (A+i0)]e™. (42)
— T

o0

where the trace of Green’s function is defined by

Tr[G ) (2)] = / ArGW (v r ). (43)

B. Relating integrated correlation function
to scattering phase shift

1. Quantization condition of energy spectra in a trap and
infinite volume limit of integrated correlation function

With a short-range interaction, the quantization condi-
tion (QC) that determines discrete energy spectra of the
trapped two-particle system can be formulated in a compact
form, for instance, Liischer formula [4] in a periodic cubic
box in LCQD and BERW formula [5] in a harmonic
oscillator trap in nuclear physics,

det[cotS(e) — M(e)] =0, (44)
where §(¢) refers to the diagonal matrix of scattering partial
wave phase shifts, and the matrix function M(e) is
associated to the geometry and dynamics of trap itself.
Liischer and BERW formula both are the result of presence
of two well separated physical scales: (1) short-range
interaction between two particles and (2) size of trap.
Therefore the short-range dynamics that is described by
scattering phase shift and long-range correlation effect due
to the trap can be factorized, also see recent developments
and extension of Liischer and BERW formalism beyond
two-particle sector and elastic region, Refs. [6—45].

For a particular partial wave state, Eq. (44) can be
rearranged to

51(€) + ¢(e) = nnm, nez, (45)
where [ stands for the angular momentum of system. The
expression of ¢,(e) is associated to matrix elements of
M(e) and may depends on other partial wave phase shifts
as well. For example, in BERW formula with a harmonic
oscillator trap, see, e.g., Refs. [5,35], the rotational

symmetry is well preserved, so [M(e)],, = 6, M,(e),
and ¢;(€) = —cot™![M,(¢€)] is totally determined by the
diagonal element of a M ¢) matrix. However in a periodic
cubic box, see, e.g., Refs. [4,35], the rotational symmetry
is broken and angular orbital momenta are no longer good
quantum numbers; hence M (¢) in general is not a diagonal
matrix. ¢;(¢) now not only depends on the matrix element
of M(e), but it also depends on other partial wave phase
shifts as well.

In one-dimensional space, partial wave angular momen-
tum states are replaced by the parity states. In our case, for
spin singlet two-fermion states, only even parity state
contributes, so from this point on, the subscript-/ in
Eq. (45) will be dropped, the quantization condition is
simply written as

5(en) + Pley) = na, (40)

where subscript-# in €,, is used to label the nth eigenenergy
of system. The analytic expression of ¢(e) for a periodic
box and h.o. trap are given in Appendix A, respectively, by

2ues, for a periodic box

€)= e , 47
#le) —cot‘l[ if,é_g;], for ah.o. trap (47)

where L stands for the size of periodic box, so that the
wave function in c.m. frame with zero total momentum
satisfies periodic boundary condition of

) (r+nL) = Y (r), neZz. (48)

The technical details of derivation of Eq. (47) can be found
in Refs. [31,33,34] and also Appendix A, the same

approach applies to the one-dimensional case as well.
Using the fact that

%[A&(en) FABle)] =1, n=0.1,.... (49)

where
A5(€n> = 5<€n+l) - 5(671)7 Ad)(en) = ¢(€n+l) - ¢<€n)’
(50)

we thus have a relation

e —x a

n=0 =0

where Ae, = ¢, —€,. When the particle interaction is
turned off, 5(¢) — 0, the energy spectra is totally deter-
mined by condition
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where eﬁ, ) stands for the nth eigenenergy of noninteracting

two-fermion system in a trap. Hence, we also have a
relation,

ic}:e-iff“:l Aey) ) AHE) i, (52)
n=0 =0 Aer(zo)

As the system in a trap is approaching infinite volume
limit, such as L — oo in a periodic box or @ — 0 in a
harmonic oscillator trap, we find

* _l.gnltrap—wo l ©0 d5(€) d¢(€) —iet
Ze — ”/0 de [—de +—d€ e (53)

n=0

and

- _ O)Itrap—wo 1 o d¢(€) s
E i€, d i€t 54
P ‘ /0 ‘ de ¢ (54)

Hence it is tempting to conclude that

- Zie,t —z trap—>oo 1 d5(€) —iet
€n € de el 55
Z { } / de Tde ¢ (5)

n=0

At the limit of V(r) — 0, the left-hand side of Eq. (55)
clearly approaches zero, on the contrary, on the right-hand
side of Eq. (55), the weak interaction limit of dfl(? is not
always well defined, such as in the case of 1D contact
interaction potential. However, in general, the weak inter-
action limit of &(e) is well defined and approaches zero;
hence, using integration by part, we find

1 o . r)—
[ gl i 60
0

1 de 3

where 5(0) is the possible nontrivial surface term as the
result of integration by part, other surface terms are
assumed trivial and vanishing. For instance, for the
particles interacting with a contact interaction in 1D, the
phase shift at branch point has nontrivial value: §(0) = —3.
In order to make sure both sides of Eq. (55) approach zero
at the limit of weak interaction, the constant shift, — @, at
right-hand side must be subtracted. Therefore, at the
infinite volume limit, the difference between integrated
correlation functions with and without particle interactions

is associated to scattering phase shift by

rap—co (1) [ db ‘
€00) = 0]y "5 [ a6 B
7T Jo

+—=5(0), (57)

where Cge])(t) is the integrated correlation function of
noninteracting particles in a trap,

It 1 . —iel®
Co ()] ng = 0(0) e, (58)
n=0

Similarly, the constant shift, —@, must be subtracted in
Eq. (53) as well

al _l.enttrap—mol © ﬁ d¢() —iet @
Dyl [t G+ B 2

n=0

(59)

2. The role of Friedel formula and Krein’s theorem

The expression in Eq. (57) can also be understood by the
relation displayed in Eq. (42). In terms of Green’s function
of a two-particle system in the trap, the difference between
integrated correlation functions with and without particle
interactions is also given by

[c<rel>(z) - cgfe”(t)} =i / = di [Tr[G“raP) (A + i0)

>0 oo 2T

G (1 + iO)]} e, (60)

where Tr[G, (t2p) (A +i0)] stands for the trace of Green’s
function of two noninteracting particles in the trap. As the
system is approaching infinite volume limit, thus

(rel) _ rel) :| trap—co., ooﬁ
e -] 55

~G 0+ iO)]} e, (61)

[Tr[G<°°> (A + i0)

As demonstrated in Refs. [64—68] and also see discussion in
Ref. [69], the difference between the trace of Green’s
function of the interacting system and free particle system
is related to the scattering phase shift by Friedel formula and
Krein’s theorem, see the short summary in Appendix B

—Tr[G*™)(2) — Géoo>(/1)] = EAOO de (6556/)1)2’ (62)

where we have assumed Tr[G(®)(1)] only has a dominant
physical branch cut along positive real axis in complex A
plane: A € [0, o] and an unphysical branch cut sitting along
a negative real axis has been neglected at the scope of
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current work. By using Egs. (62) and (61) thus can be
rearranged to

>0 T
o d) e—iit
2 R — 63
X{l/_oo2ﬂ/1—e+i0} (63)

Using the identity Eq. (36) again, we find

rap— 0o © et
e @/ des(e) de ,
0 d

>0 T €

e ap—oo 1 o d
) —ci] T / des(e) L
0 de

@) - o)
(64)

hence by integrating by part and assuming &(
Eq. (§7) is obtained again.

o) — 0,

C. One-dimensional analytic solutions of two fermions
in traps interacting with a contact interaction

In this subsection, the infinite volume limit of difference
of integrated correlation functions between two interacting
and noninteracting particles in the trap is illustrated by
considering a simple contact interaction model. The scat-
tering phase shift of particles interaction in infinite volume
is exactly solvable. Both a periodic box and a harmonic
oscillator trap are considered; the derivation of analytic
expression of quantization conditions in both cases are
presented in Appendix A. The discrete energy spectra of
particles interaction in a trap can be solved rather straight-
forwardly numerically. We will show that the difference of
integrated correlation functions in both cases approaches
the same infinite volume limit that is solely determined by
particles interaction steadily and converge rather fast near
small 7 region.

1. Periodic box

Let us first consider a simple problem of 1D two-fermion
of total spin-zero interacting with a contact interaction in a
periodic box, the dynamics of the two-particle system in a
c.m. frame is described by

1 d2 re! re.
{2 d2+vo§:5(r+nL)]w£ V(r)=ey™(r), (65)
udr <

where V is the strength of contact interaction and L is the
size of periodic box. The wave function is symmetric under

spatial inversion, z//?el)(—r) = wgrd)(r), and also must
satisfy the periodic boundary condition in Eq. (48). For
a contact interaction, the analytic expression of quantiza-
tion condition can be obtained, see, e.g., Refs. [20-23],

L
2ue, — = nr,

5(e,) + > n=0,1,..., (606)

where the analytic expression of phase shift is

ﬂ) . (67)

1V

5(€) = cot™! <—

The integrated correlation function of trapped system in

Euclidean time, t = —iz, is defined by
C(rel) (l‘) rel ::—u' Z [ et _ e_en) :| ’ (68)
n=0

where the energy spectra of interacting trapped system, ¢,,,
are determined by Eq. (66), see, e.g., Fig. 1(a).

0) 1 <27[I’l>
€n
T

is energy spectrum of noninteracting particles in a periodic
box. Cérel) () can be evaluated analytically,

rel :—i‘rl 1 _ (2222 L—oco H L
C(()e)(f)l: 54‘5193(@ (L)Z“) 22 (69)

where 93(z) is Jacobi elliptic theta function [70]. At the
limit of large volume, according to Eq. (59), we also have

- Looo 1 d5(€) H L —er 5(0)
ZO t——l‘tﬂ'/ d€|: de +\/2,u_€2:|e + T '
(70)

Using Eq. (67), the analytic expression on the right-hand
side of above equation can be obtained

L 1
C(rcl) t L= Zerf \% (Vo) 2% L_ -
( ) t:trze ¢ H 0 2/4 ¢ + 27TT 2 2

We can now see clearly that both C (re]) (¢) and C"(¢) have
the same divergent behavior, . /2,” L, at the limit of L — oo

and also 7 — 0. However, the divergence cancel out
completely between them; hence we find

(rel) () — ey Lo L wvors _ 1
CUrl(r) - Cy (1) ti_wzerfc uvy 2/4 e ey
(72)

see Fig. 1(b) for the comparison of difference of integrated
correlation functions in a periodic box vs infinite vol-
ume limit.
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L
O(e)+ /2 ue— vs. nx
2

J2peL2r
(a)

FIG. 1.

1 dé 1
CUbH-CYt) vs. - [—eTde—-
n de 2
L s e e e L e e e e e L S B e e e e T
—01F i
[ ~
I ~
-0.2}+ ‘e 4
L ‘. .-
[ ‘Q R e
L Ad ~
- .~
[ e T L=10 ]
—0.3F AN L=5 “a, . 4
L . “a
L ‘e Say,
L L=3 .
-~
r “~
_04 1 1 1 n ’m 1 1
1 2 4 5 6
=it
(b)

The energy spectra and difference of integrated correlation function plots for particles interaction in a periodic box:

(@) 5(e,) + 2ue, % (solid black) vs nz (dashed red) with L = 3, energy spectra are located at intersection points of black and red curves;
(b) 1[5 ded(;—(:) " — 1 (solid black) vs C)(r) — Cgel) (¢) (dashed red) with L = 3, 5, 10. The rest of parameters are taken as V, = 0.5

and u = 1.

2. Harmonic oscillator trap

Next let us consider two fermions of zero total spin
interacting by a contact potential in a harmonic oscillator
trap, the dynamics of two-particle system is described by

1 d2 1 rel rel
SHP? Voo (r) ™ (r) = ey ().

- 73
2Md72+2 (73)

The spatial wave function again must be symmetric under
spatial inversion, y/grd)(—r) = wﬁ“”(r), then only even-
parity solutions will contribute to the difference of integrated
correlation functions. The analytic expression of QC is still
given by, see, e.g., Refs. [33,34],

8(e,) + ¢(e,) = nx,

where ¢(¢) is assumed a smooth monotonically varying
function,

¢<e):—cot—1[\/%%:?ﬂ+m, lez. (74)

The Iz is added to keep ¢(e) monotonically when cot™!(z)
starts jumping between branches, see, e.g., Fig. 2(a).
Asymptotically ¢(e) thus behaves as

€E>w

(e) = r (75)

z € :
-3 F—B]\/E, e w

The noninteracting energy spectra of h.o. trap are

o _ 1\,
€n —w<n—|—2>,

hence for even parity solutions, we have

o

1 w—0 1
nz:; em@nty)r — Ecsch(an')eTw—;)E.

(76)
Using asymptotic form of ¢(¢) in Eq. (75), we find

1o dple) . 1 [o, dble) _,
[) de e T~ Ade e

T de Vg de
e w0 1
— 77
2wt - 2wt (77)
and
- w—0 1 T 21 1 1
—€,T _ _ (uVo) % -
;e - 2erfc<,uV0,/2M>e 02 t5.-"7 (78)

Similarly in harmonic oscillator trap, both C(()rel)(t) and
C (rel)(t) again show the exact same divergence, ﬁ, at the

limit of @ — 0 and also 7 — 0. Hence after the cancellation
of divergence, we find again

w—0 1 T 1
—erfi V - (uVy) e
)t:irze C('M 0\/ 2,u>e 2

o
|~

CeD (1) — (e
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o(e)+¢(e) vs. nm

T T T T T T T

1 ds 1
Crp-CyP(t) vs. - [—e Tde—-
n de 2

T T T T T T T T T T T T T T T T ™

0.00f
-0.05
-0.10
-0.15
-0.20
-0.25

-0.30

FIG. 2. The energy spectra and difference of integrated correlation function plots for particles interaction in a harmonic oscillator trap:
(@) 8(e,) + ¢(€,) (solid black) vs nz (dashed red) with @ = 0.2, energy spectra are located at intersection points of black and red curves;

(b) L[5 de @) per — 1 (solid black) vs CV(r) — Cgel) (¢) (dashed red) with @ = 0.02, 0.1, 0.2. The rest of parameters are taken as

de
Vo=05and u = 1.

see Fig. 2(b) for the comparison of difference of integrated
correlation functions in the harmonic oscillator trap vs
infinite volume limit.

D. A short summary

Now we can see clearly that, regardless the type of traps
that are used, at infinite volume limit where the size of trap
is much larger than the range of interactions, the difference
of integrated correlation functions of trapped systems all
approach the same limit,

ap—oo | o dé 6(0
e (1) — I (1) 5 2 / de#e‘”%—ﬁ, (80)
0

t=—it JT € T
where the phase shift is given by
V2
5(€) = cot™! (— _,ue>
Vo

for contact interaction potential. The analytic expression of
infinite volume limit is given by

1 o0
[7act8) e 50
7 Jo de n

1 T 21 1
= Eerfc (}uVO‘ / Z) e('MVO) - 5

As also illustrated in periodic box and harmonic oscillator

trap examples, though both CC<)(#) and Cgel) (1) are
divergent as 7 ~ 0, the divergence is canceled out exactly

(81)

in the difference of 2, hence CU)(r) —C(()rd)(t)zo 0

smoothly.

IV. PERTURBATION CALCULATION
OF TWO FERMIONS CORRELATION FUNCTION
OF A LATTICE FIELD THEORY MODEL

In this section, we consider a lattice field theory model of
fermions interacting with a contact interaction in a periodic
box. For the weak interaction coupling strength, the pertur-
bation calculation of two fermions correlation function can
be carried out directly in path integral representation. We
demonstrated that the infinite volume limit of difference of
integrated correlation functions indeed approaches analytic
results in Egs. (80) and (81).

The two fermions correlation function in lattice theory
usually is computed in Euclidean space-time by path
integral representation,

B sz,//Dl//TO(r, 7)0" (1, 0)eSelv ']

(rel) -y
C (r9 nLr, 0) f Dll/Dl//-re_sE[W'WT]

El

(82)

where again t = —iz. The relative motion of two-particle
creation operator is projected by

0'(r,7)
_/L@ll/g(r+x2’7)’//1(xz,f) —W1(7+X2’T)W;(x2’f)
0

- |z 5

(83)
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The Euclidean action for fermions interacting with a
contact interaction in a periodic box with size of L is
defined by

N [V/7 ] S0+SV’

So = /_ :dr /) dxng:ly/;(x,r) <a,—
/ a’r/ dxy/T(x )y (x,7)

x| (v (x.0). (54)

v2
2I71> Vs (x’ T) ’

The fermion field operators satisfy periodic boundary
condition,
l//a(x_"L’T):Wa(va)? W;<X+L’T):WZ(X’T)' (85)
We remark that in current scope of discussion, zero lattice
spacings in both spatial and temporal directions are
assumed. The size of lattice extent in temporal direction
is also considered infinitely large. Hence lattice artifacts,
such as finite lattice spacings and thermal effect in finite
lattice size in temporal direction, etc., are avoided in the
current discussion. The focus of current work is thus given
to the finite volume effect of correlation function of a
trapped fermions system in a periodic box and its infinite
volume limit.

The complete and analytic solutions of two fermions
correlation function in path integral representation in field
theory seems like a formidable task in general. Fortunately
for the weak interaction, V, ~ 0, perturbation theory can be
carried out. The leading order effect of two fermions
correlation function can be obtained rather straightfor-
wardly, and the higher order effects can be carried out
systematically in principle. In current work, the only leading
order effect of two fermions correlation function is evalu-
ated, and we show that its infinite volume limit indeed is
consistent with perturbation expansion of Eq. (81).

A. The leading order effect of perturbation calculation

For weak interaction, V ~ 0, two-particle correlation
function can be computed analytically by perturbation
expansion of

eSE~n (1=8y+--)e,
The leading order result is thus given by

C)(r, t;7,0) - rel>(r, t;r',0)

Dy Dy O(r,7)O" (¥, 0)Sye5
__J ﬁ;//;w%e(_so )Sv +O(V3). (86)

Working out all the Wick contractions, we thus find

Vo
clntro)| | = < + O\

FIG. 3. Diagrammatic representation of perturbation calcula-
tion in Eq. (87).

C (r,t;7,0) = C(rel)(r t;r,0)

/dxz/ dxz/ d‘L’"/ dx"

x Dyl (r+x, —x",t—7")Dy' (x
x Dyt (x" =¥ = x,,7")Dg! (x”—xz,r”)+(’)(V%), (87)

—x"t=7")

where a free single fermion propagator is defined by

I DyDy 'y, (x. o)yl (. 7)eo

f DV/DV/T L)

Spe Dyt (x—x 7 —7) =
(88)
The diagrammatic representation of Eq. (87) is illustrated
in Fig. 3.
Using S, in Eq. (84), and the Fourier expansion of a free
fermion field operator in Euclidean space-time,
do 1

Wo(x.7) —/ 57T

the free single fermion propagator can be worked out rather
straightforwardly, and we find

Dal(x—x/,'r—r’) :/

Z em)r ikx,y, (k a)) (89)

k=2tnez

do 1
2L

k=2nez

eiu)(r—f) eik(x—x/)
o+ £
(90)

Therefore we also find

C(rel)(r’ f; ’,./’ O) _ Cérel)(r’ t: r/’ O)

o
=-V, / Zw ’“’TG(())(r;—iw)G(()L)(r/;—iw), (91)
T

where two-fermion Green’s function in a periodic box is
defined by

G(()L)(r;—ia))zz > (92)

the analytic expression of GéL)

by Eq. (A6).

function is given
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1
cley-cry vs. — f Y e
m de 2

-0.02

-0.04

Ct)-Co(®)

-0.06

-0.08

FIG. 4. Perturbation calculation of C"(z) — COrel (¢) (dashed
red) with L =3, 5, 10 vs full result in infinite volume limit

1 fo d‘se —er —% (solid black). The rest of parameters are
taken as Vo =0.04 and p = 1.

B. Integrated two-fermion correlation function
and its infinite volume limit

With perturbation result in Eq. (91), the difference of
integrated two-fermion correlation function

L
CwW%*fWﬂ—/[dmhﬁnm—d@UﬁnWL

0

(93)
is thus given by
C(rel)(t) _ C(()rel)(t) / elwt

27m nez

d 1
X —F— — i I 94
cmm<m+%> 54)

the integration of w can be carried out by integration by
part, we thus find

C(rel)(t) _ C(()fd)(t) _ —1—193([(?)%), (95)

where

83 (€_<2’“_ﬂ>2ﬁ) _ Z 6_2_%‘7

k=41nez

is a Jacobi elliptic theta function [70]. As L — oo,
perturbation calculation indeed approach

-0 dk _¢ v/
el (1) = I () "2° —zv, / e = -, 7
oo 2T

t=—it

This is indeed consistent with the perturbation expansion of
analytic result in infinite volume limit in Eq. (81),

1 T 21
Eerfc (ﬂVoﬁ lz> WV’ E —

also see Fig. 4 for an example of the perturbation
calculation result vs the full result in infinite volume limit.

1v,—0 V/HT
3 N —VO\/—_—FO( 2),

(97)

C. Leading order contribution of energy levels
of two-fermion system in finite volume

As a separate check, we can also evaluate leading order
contribution of energy levels of two-fermion system in
perturbation theory in finite volume. The individual energy
level can be projected out by

C(rel _O-”/ d’./ dr'e —ik,(

where k, = 2”—”, nezis the free particle’s momentum

Ct(r,1;1,0),

(98)

in finite volume, and ¢, = 2 +6e,, is the perturbation
result of total energy of two fermions system, where Je,,
stands for the energy shift due to interaction. The o, is

degeneracy factor

{2, if n>0
Oy =

) 99
1, ifn=0 ©9)

since both k,, = £k, correspond to the same free
two-fermion energy level: el = % The leading order

result of energy shift can also be obtained by using
quantization condition in Egs. (66) and (67), up to order
of V, we thus find

(100)

The same conclusion can be obtained by considering
projecting out energy levels from two-fermion correlation
function.

First of all, using Eqgs. (91) and (98), we thus find

GnVO _];_;211 V%
=0 o(=2),
. €™ + 12

(101)

C(rel) (7,€,) — C(()rel)(r, €,) = —T
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and it is related to Eq. (95) by

C(rel)(t) _ C(()rd)(l‘) = Z [C(rel) (T, en) - Cérel) (T, €n):| .
n=0

(102)

Next, we also need to consider the free two-fermion
correlation function that is defined by

i, _fDl//Dy/T@(r,r)@T(r’,O)e‘SU
0 (l’, Lr, )_ IDWDWTe—SO

(103)

and is given explicitly in terms of free fermion propagators
by

(rel) / 1 [r L
Cy (r,t;r,O):E | dx, | dx,

X [Dgl(r—i—xz - r’—x’z,r)Dgl(xz —x5,7)

—|—D51(r—|—x2—x’z,r)Dal(xz—r’—xg,T)].

(104)

Using Eq. (88), we thus find

Ie 1
C(() 1)(r, tr,0)=— Z

k, =2,#,n ez

9
cos(k,r) cos(k,r)e ",

h

(105)

This is indeed consistent with spectral representation of
correlation function in Eq. (35), where the relative wave
function of two free particles in a periodic box is given by

() 1
r) = —=cos(k,r), 106
l//k,, ( ) \/I: ( ) ( )
which is normalized by
L * Ok, k. T 0k, —k, Ol Ik,
[ an (= Pt SR o)

Hence the projected noninteracting two-fermion correlation
function is given by

Ci(z,€,) = 72" (108)

Putting all together, up to leading order, we find

% \% V3
C(z,¢,) = " [1 - TGnL L O(Lg)] . (109)

The leading order contribution of energy level of two-
fermion system in a finite volume is therefore obtained by

1 rel kgl UnVO V(z)
en:—;lnC( ”(T,e,,):ﬂ—i— T +O<ﬁ>' (110)

The leading effect of energy shift due to interaction in a

finite volume in perturbation theory is thus again given
v
by de, = o, 1~
In terms of perturbation calculation, now we can indeed
see the structure mentioned in Eq. (4),

C<rel)(l‘) _ Cérel)(t) _ —‘L'<‘A/(T)> 4 (111)
where
R 2 (6,Vo\ _o 1
V() = e~ T oxx — . 112
W) =3 (%) g an)

Also as demonstrated in Fig. 4, the difference of integrated
correlation functions approaches infinite volume limit
much more rapidly in the region of 7 < L.

V. MONTE CARLO SIMULATION TEST
IN 1D QUANTUM MECHANICS

To demonstrate the feasibility of proposed formalism, we
conduct a simple Monte Carlo simulation test with a 1D
quantum mechanics model in this section.

A. A 1D quantum mechanics model

Considering a spinless particle with the mass u interact-
ing with a short-range repulsive square well potential in a
harmonic oscillator trap, the eigensolutions are determined
by Schrodinger equations,

1 & 1
=3 3 VO () = (). (113

2
where
Vo b b
2, rel-2,5 -
V(r) = { o rERRE ey s 1)
0, otherwise

The energy spectra of the system can be solved by
diagonalizing the Hamiltonian matrix

1 Vy [% o) »
Hn,n’_‘sn,n’a)<n+§> + bo/zdr(p£l> (r)(pfl,)(r), (115)
b
2

where (p,(f”)(r) are eigensolutions of harmonic oscillator

potential,

o (r) =

1 U i w2
\/W<7> e 2" H,(\/uor). (116)
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B. Integrated transition amplitude
and Monte Carlo simulation

In Euclidean space-time, the transition amplitude for a
particle propagating from (r,0) to (,7) is defined by

e~He|r Ze“w (). (117)

Hence, integrated transition amplitude (particle propagator)
is associated to the partition function in statistics by

Ze‘SH’aTr [ePH].  (118)

C(r) = /dr rle ‘HT|

The path integral representation of the integrated particle
propagator is given by, see, e.g., Refs. [71,72],

C(r) = Jim <27m > /Hdr e~Se(lri})

where the time interval [0, 7] is divided into N, small steps
of width of a, = 5. The discrete Euclidean space-time

action is given by the sum of trap action and interaction

term, Sy({r;}) = S ({ri}) + 55 ({r:}):

(119)

N,

e S [ (B) qpern] om0

i=1

and

Sy ({r}) =a (121)

where ) = rand ry_= r’ = r are initial and finial position
of particle, respectively. Similarly when the interaction,
V(r), is turned off, the integrated particle propagator in the
harmonic oscillator trap is defined by

~ T
= —o( n+ = — h
E e CSC < ) ),

n=

— 1i —S {r
lelinoo <27ra > / H drie

For a finite square well model, without the constraint of
Pauli exclusive principle, now both even and odd parity
states contribute to C(z).

The path integral representation of ratio of C(z) and
Cy(7) can be written as

(122)

o) _ Jim /Hdr,p {rh)e=s () (123)
where
S ({r))
M 2 e

124
s = () et 02

is positive definite and

N.
T anetir) = (125)

i=1

Hence p({r;}) can be interpreted as probability density, and
Eq. (123) can be computed via a standard Monte Carlo
simulation method,

N,

cfy
€l _ 1 Z oS (D) (126)
CO (T) chg a—1
where N, is total number of configurations, « is used to

label each configuration, the random values of {rf.“)} for
each individual configuration can be generated according
to the probability density distribution p({rf-a)}). The
Monte Carlo simulation can be performed rather straight-
forwardly by standard Metropolis algorithm, see, e.g.,
Refs. [71,72].

C. Scattering phase shifts and its relation to integrated
transition amplitude

The scattering amplitudes for a repulsive square well
potential in infinite volume can be solved analytically, see,
e.g., Appendix D in Ref. [20]. The phase shifts, 6. (¢), are

given by
K\t kb kyb
1 + (E) cot (7) cot (%)

) ,
cot(k—zb) - (&) cot(kvb)

where subscripts (4/—) are used to label even and odd
parity states, respectively, and

5, (€) = cot™! (127)
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the square well potential approaches a contact interaction,
and solutions for odd parity states are suppressed. The
scattering phase shifts are associated to C(r) and Cy(7) by

w—0 1 © d5+ (6) do_ (6) et

C(r) = Co(r) — ;/0 de[T—I—T}e
n 5.(0) +46_(0)
where §,(0) = —% and §_(0) = 0.

, (129)

D. Monte Carlo data vs exact solutions vs infinite
volume limit result

Numerical test for the system of a spinless particle
interacting with a square well potential are carried out and
presented in this subsection, the aim is to demonstrate that
the Monte Carlo result of a trapped system approaches and
converge with infinite volume limit result at small
Euclidean time region.

(i) The Monte Carlo computation of CCO ((TT)) in Eq. (126)

for the system in a harmonic oscillator trap is carried
out by a standard Metropolis algorithm, see, e.g.,
Refs. [71,72]. The simulations are performed with a
fixed number of steps in temporal dimension,
N, =100, so the lattice spacing a, = §- varies for
7€[0.5,5]. The typical half million measurements
are generated for each 7. The choice of other
parameters are Vo =1, u =1, and b =0.2 for a
square well potential, and various ws for a harmonic
oscillator trap are used in our simulation: w = 0.1,
0.2, and 0.5. The variance of data samples are
computed by a Jackknife resampling method.

(i) As a comparison, the energy spectra of particle
interacting with a square well potential in a harmonic
oscillator trap can be solved by diagonalizing
Hamiltonian matrix in Eq. (115), so the exact

solution of CCO (TT) can be obtained, where C(r) =
%y e " and Cy(r) = §csch(%).

(iii) The scattering of a spinless particle off a square well
potential in infinite volume can be solved exactly,
the analytic expression of phase shifts for both parity
states are given in Eq. (127). At infinite volume

limit,
w— 1 [ 1) o_ 1
C(T) —>01 + —/ deid( + )e‘“—— wT.
Co(7) 7 Jo de 2
(130)

For a small b~ 0.1, the scattering solutions of a
square well potential agree well with scattering

solution of a contact interaction.

CCO (ZT)) (red error

The comparison of Monte Carlo data of

bars) vs exact solutions (solid black) vs infinite volume
limit result (dashed purple) are shown in Figs. 5(a)-5(c) for

various ws. The Monte Carlo data of C(z)— Cy(z) for
various ws (colored error bars) vs infinite volume limit
result (dashed purple) are shown in Fig. 5(d), the infinite
volume limit result with a contact interaction (solid blue) is
also plotted in Fig. 5(d) as a comparison.

VI. DISCUSSION AND SUMMARY

In summary, a relation between integrated correlation
function of a trapped system and infinite volume scattering
phase shift is derived in present work. We show that even
with a modest size of a trap, the difference of integrated
correlation function of a trapped system with and without
particle interactions at small Euclidean time region
approach steadily to its infinite volume limit that is given
in terms of scattering phase shift by

C(t) - Colr) “52 /0 ® 16 300©) e  3(0)

t=—it T de b1

Therefore, the scattering phase shifts may be extracted from
lattice simulation of integrated correlation function at small
time region, which is in great contrast to conventional two-
step approach in extracting scattering information from
lattice calculation: extracting energy levels from temporal
correlation function in large Euclidean time region in the
first step and then converting energy spectra into phase
shifts by applying Liischer formula in the second step. Both
(1) perturbation calculation of (1 + 1)D lattice Euclidean
field theory model of fermions interacting with a contact
interaction and (2) Monte Carlo simulation of a 1D exactly
solvable quantum mechanics model are carried out to
explore and test the proposed relation, we show both
analytically and numerically that the difference of inte-
grated correlation function of a trapped system indeed
agree well with infinite volume limit at small time region
even for a modest small size of trap.

The fundamental reason of this observation is due to the
fact that integrated trapped correlation functions resemble
the partition function in statistical mechanics,

C(t) = Co() = Tr[e 7 — e~fhor),

with 7z playing the role of the square of the thermal de
Broglie wavelength. When thermal de Broglie wavelength
is much smaller than size of trap, particles are nearly blind
of the size effect of a trap, the difference of integrated
trapped two-particle correlation functions can be described
in terms of power of z/L, the leading order contribution is

A A

thus proportional to (V) where (V) ~ 1/L.

The scope of current discussion is still limited to
(1 4 1)D nonrelativistic few-particle dynamics. The cur-
rent focus of this work is to simply demonstrate both
numerically and analytically that the difference of inte-
grated trapped two-particle correlation functions converges
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FIG. 5. Comparison of Monte Carlo data of CCO ((’T)) vs infinite volume limit result for a spinless particle interacting with a square well
potential in a harmonic oscillator trap for various ws. In (a), (b), and (c), we plot Monte Carlo data (red error bars), exact solutions of CCO ((’T))

(8,45

by solving Hamiltonian matrix in Eq. (115) (solid black), and infinite volume limit result, 1 + #&) [i e deT) o€t _ %} (dashed
purple), for @ = 0.5, 0.2, and 0.1, respectively. (d) Monte Carlo data of C(z) — Cy(z) for various ws: @ = 0.1 (black), 0.2 (red), and 0.5

(brown), vs infinite volume limit result with a square well potential, 1 f0°° de 20:10)
b3 de

) gmer — % (dashed purple). The infinite volume limit

result with a contact interaction potential, V(r) = V,6(r), is also plotted as a comparison in solid blue. The rest of parameters are taken

asVo=1,u=1,and b =0.2.

quickly to its infinite volume limit, which is expressed
through an integral over the derivative of the phase shift
weighted by an exponential factor. The fast convergent
feature of proposed relation near small Euclidean times
may have the potential to provide an alternative approach to
traditional two-step Liischer formula method. The ultimate
goal is to develop an alternative method that can be a robust
tool to extract phase shift from LQCD calculation espe-
cially in cases when the traditional two-step Liischer
formula method becomes less effective and determination
of individual energy levels itself is already problematic,

such as in nucleon-nucleon reactions. Much further work is
required to accomplish this ultimate goal. The proposed
approach will have to be extended to include relativistic
dynamics, inelastic effect, etc. Monte Carlo simulation with
field theory models are also demanded for the effectiveness
and robustness test. We also remark that unlike Liischer
formula approach that relate energy levels to phase shift
directly, our proposed approach requires the physics
motivated modeling of phase shift and then fit to the
LQCD data to fix model parameters. This resembles the
procedure of determination of hadron-hadron scattering

074504-16



TOWARD EXTRACTING THE SCATTERING PHASE SHIFT FROM ...

PHYS. REV. D 108, 074504 (2023)

amplitudes from experimental data, see, e.g., Ref. [73]. The
model of phase shift in principle can be further constrained
by chiral perturbation theory, dispersion relation approach,
Roy equation, etc., which can ultimately help to narrow
down the parameter space in the model.
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APPENDIX A: QUANTIZATION CONDITION
OF A TRAPPED TWO-PARTICLE SYSTEM
IN (1+1)D

Some technical details of the derivation of quantization
condition of trapped two-particle system in (1 + 1)D are
given in this appendix. Let us consider two particles
interacting with a contact interaction in a trap: the two
particles could be either spinless particles or two fermions
in spin singlet state. Hence only even parity state will be
affected by contact interaction. The dynamics of relative
motion of trapped two-particle systems are described by
(1) Eq. (65) for a periodic box, wave function satisfies
periodic boundary condition of wave function in Eq. (48);
and (2) Eq. (73) for a harmonic oscillator trap.

The integral representation of dynamics of trapped
systems are given by the Lippmann-Schwinger equation,

l//fsrel)(r) —/ dr’G(()me(r, r’;e)Voé(r’)wgrel)(r’), (A1)
trap
where
f_%L dr’, for a periodic box
/ e . (A2)
trap

J®.dr', for ah.o.trap

The G\™(r,#;€) is Green’s function of noninteracting
particles in a trap: (1) for a periodic box, it satisfies
differential equation,

2
(trap) /. /
bl bl = 5 - L )
{e—l— " r]GO (r,¥;e) g (r—7r +nL)

nezZ

(A3)

and periodic boundary condition,

G (r 4 nL.¥;€) = GY™ (r, r';€):

and (2) for a harmonic oscillator trap, it satisfies the
following equation:

= ua? |Gy (s e) = S(r— ). (A4)

Hence the discrete energy spectra are determined by the
quantization condition,

1

V—O = Gétrap) (0, O, 6).

(AS)

The analytic expression of Ggrap )(r, r';e) can be

obtained for both periodic box and harmonic oscillator trap:
(1) for a periodic box, see, e.g., Refs. [13,20,26]

PZZZ—" ip(r-r')
(ap) oy LN €
G .y = LS

D
nezZ G_Z

2cosk(r—r)

_ lﬂ ik|r—r'
——k[e '+ kL _1 |’

(A6)

where k = \/2ue;
(2) for a harmonic oscillator trap, see, e.g., Ref. [74],

r¢-5)

G(()trap)(r’ r’;€) _ _MML_

2
2w(arr): (ueor)

1
)

< W _y(uar?), (A7)
where M and W are Whittaker functions as defined
in Ref. [75], and r_ and r. represent the lesser and
greater of (r, r’), respectively.

We thus find

%cot(’%),

_ VI TG=5)
2ol (3-5)’

for a periodic box

GY™)(0,0;¢) = (A8)

for ah.o.trap

The analytic expression of a scattering phase shift for a
contact interaction is given by Eq. (67),

1
v = —%coté(e‘).

Hence the quantization conditions for (1) a periodic box
and (2) a harmonic oscillator trap can be written in the form
of a Liischer formula [4] and a BERW formula [5],

cotd(e) — M(e) =0, (A9)
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where

- cot(\/2ye %) , for a periodic box

VE TG—=5)
2/oT(G—5)"

M(e) = (A10)

for ah.o. trap

It is worth mentioning that the superlattice structure that
has great interest in condensed matter physics can be
constructed by placing finite number of short-range
interaction potentials inside of traps. For an example,
assuming potential of a simple superlattice structure
having the form of

(Al1)

where a; is the location of an ith contact potential in the
trap, the quantization condition that determine discrete
energy spectra can be obtained from Lippmann-Schwinger
equation:

det[5;; — V;Gi™ (a;, a;;€)] = 0. (A12)
With some mathematical manipulation, we can easily show
that the QC in Eq. (A12) is consistent with the result that is

derived from the characteristic determinant approach in
Refs. [76,77]:

det[DN] = 0,
where
(Dn)ij = 6= ViGy™(aj a53€)\/Ziy  (AL3)
and
(trap) . (trap) .
le:Zj’i—GOdp (ri,rjye)GOdp(rj riae)' (A14)

B Ggrap)(r,-, ri;e)Ggrap)(rj, rjie)

We remark that the determinant in Eq. (A12) is directly
related to the full Green’s function of the system. The full
Green’s function of the system provides the transmission
coefficient and the density of states when opened systems
are considered, and gives the bound spectrum if the system is
closed (see Refs. [76,77] for more details). The poles of
Green’s function are the zeros of the determinant in
Eq. (A12) for a closed system. The characteristic determi-
nant approach is a convenient formalism to determine the
energy spectrum electrons in a layered system or get
sufficiently complete description of electron behavior in a
random potential without finding electron eigenfunctions.

APPENDIX B: FRIEDEL’s FORMULA
AND KREIN’s THEOREM IN (1+1)D
SCATTERING THEORY

A brief review of Friedel’s formula and Krein’s theorem
in (14 1)D scattering theory is provided in this section,
and a detailed discussion can be found in Refs. [64—-68].
The derivation can also be made in a rather more general
way from formal scattering theory and S-matrix formu-
lation approach, see, e.g., Refs. [69,78].

In Refs. [64,65], J. Friedel showed that the difference
between the integrated density of states of the interacting
particles system, ng(x), and free particles system, ng)) (x),
is related to the scattering phaseshifts by

[%mm%ﬁWWiimmm (B1)

© ndE

where §(E) stands for the diagonal matrix of scattering
phaseshifts. The local density of states of a interacting
system, nz(x), can be defined through the imaginary part of
Green’s function by

ne(x) =~ Im{(dG(E+ O], (B2)

where

refers to full Green’s function operator of an interacting

particles system, and H stands for the Hamiltonian operator
of the interacting particles system. The local density of
states of free particles system, ng)) (x), is defined in a

similar way,
OFR— : :
np (x) = = —Im{{x|Go(E + i0) |x)], (B3)

where

denotes the free particle’s Green’s function operator. The
relation in Eq. (Bl) is usually referred as the Friedel
formula.

The real part (principal part) of Green’s function can be
constructed through imaginary part by Cauchy’s integral
theorem,
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/ " dx(x|G(E) = Gy(E)|x)

—o0

! { [ /w] S AIm{xIG(E) = Go(B))
T |J- 0

e—E ’
(B4)

where we have assumed that Green’s functions has a
physical branch cut along the positive real axis in complex
E plane: E €0, o], and an unphysical branch cut siting
along negative real axis: E€[—oco,—E;|, where —E;
represents the branch point of unphysical cut. Using
Eq. (B1), we therefore find that integrated Green’s function

is related to the scattering phaseshifts by

/ ® dx(x|G(E) - Go(E)w)

Al e

J.S. Faulkner [68] later on recognized that the relation in
Eq. (B5) is equivalent to Krein’s theorem [66,67] in spectral
theory, where —1Tr[5(¢)] is exactly the Krein’s spectral
shift function.
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