DUALITY OF TOTALLY BOUNDED ABELIAN
GROUPS
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ABSTRACT. Let G be a totally bounded Abelian (Hausdorfl) group
and denote by G the group of characters, i.e., continuous homo-
morphisms from G into the usual Torus T, equipped with operation
defined pointwise, and endowed with the topology of pointwise con-

vergence on G. Define the evaluation mapping ¢ : G — G by the
relation p(z)(A) := () for x € G, A € G. We show that ¢ is a

topological isomorphism of G onto G. We compare this with the
usual duality on locally compact Abelian (LCA) groups. As an
application, a new proof is presented of the fact that LCA groups
respect compactness when equipped with their Bohr topology.

1. INTRODUCTION AND MOTIVATION

All groups considered in this note are commutative. If G is a topo-
logical group, denote by G the group of characters of G (as defined in
the abstract) equipped with the topology of uniform convergence on

the compact subsets of G. So defined G becomes a topological group.

Let the evaluation map Q : G — G be defined in a similar way as in
the abstract. The Pontryagin-van Kampen (P-vK) Duality Theorem
states that if G is locally compact and Hausdorff, then €2 is a topolog-

ical isomorphism of G onto G. Notice that in this case, even though G
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is also locally compact (and Hausdorff), G and G can be topologically
quite different, as G is compact whenever G is discrete and wvice versa.

The class of totally bounded Hausdorff Abelian groups, i.e., of sub-
groups of compact Hausdorff groups, is quite stable as it is closed under
forming subgroups, products and Hausdorff quotients. Moreover, their
topological structure is very easy to describe: It is a theorem of COM-
FORT and RoOss [3] that the topology of such a group is the weakest
that makes the elements of the character group continuous. This in
particular implies that the character group A of G is point-separating,
i.e., if g € G is not the identity, then there is a € A such that a(g) # 1.
The converse is evident: If G is an Abelian group and A is any point-
separating group of homomorphisms from G into T, then, since T is
compact, the weakest topology on G that makes the elements of A
continuous makes of it a totally bounded Hausdorft group.

Therefore an equivalent formulation of the theorem of COMFORT
and RosS is the following: If G is a topological group, then it carries
the topology of pointwise convergence on its character group if and only
if G is totally bounded. Thus while it is natural to equip the dual
of a locally compact Abelian group with the compact-open topology,
the reformulation of the COMFORT and R0OsSS’ theorem naturally takes
us to consider the finite-open topology on the character group of any
totally bounded group.

The aim of this paper is to show that a phenomenon similar to the
Pontryagin-van Kampen duality for locally compact groups applies to
totally bounded groups. The precise result is given in the abstract.
Then we compare these two dualities in a number of ways. As an
application, in the last section of the paper we reconsider a classic
theorem of GLICKSBERG to the effect that locally compact groups,
when equipped with their Bohr topologies, do not create new compact
sets. Many proofs of this result are available. For example, the one
provided in [23] depends on the particular cases G discrete and G = R.
Theorem 12, a hybrid of our results and AscoL1’s Theorem, is used to
give new proofs of Glicksberg’s theorem in these two cases.

2. NOTATION AND SETTING

We make the blank assumption that all topologies considered in this
note are completely regular and Hausdorff. If ¢ > 0, and « is in T
or R, then V.(«) denotes the neighborhood around « of radius e. For
any group X let H(X), or simply H if it is clear what group X we
are talking about, be the group of all homomorphisms from X to the
circle group T. We denote by S(H) the set of all point-separating
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subgroups A € H. If A € S(H), we denote by (X, 74) the group X
endowed with the weakest topology 74 that makes all the elements of
A continuous. As mentioned in the introduction, (X, 74) is a totally
bounded topological group, and vice versa, if G := (X,t) is a totally
bounded group with underlying group X, topology ¢, and character
group A, then A € S(H(X)) and t = 74.

We denote the dual group of a topological group G by G*, and by G
the group G* equipped with the topology inherited from TX, where X
is the underlying group of G. We can look at it as follows: We define

e:H—T% by e\, :=Ag) (\eH,g¢cX),

and we set

G := e[G*] C e[H] C T¥.

So defined, Gis a totally bounded topological group. The basic open
neighborhoods of the identity in G have the form

(Fe):={AeG:|\g)—1]<e, geF}

where ¢ > 0 and F' C @ is finite.

For example, if H = (A,t) is a topological group with underly-
ing group A and topology t, denote by ¢t the weakest topology on A
that makes every element of H* continuous, and define H := (A, ¢T).
Then, setting X := H* and G := (X, T4), we obtain H" = G from the
above construction.

Returning to our original notation when G is a topological group,
GT is always a continuous image of G. Most of the times however,
G and G are not topologically isomorphic and often G is not even
Hausdorff. By the COMFORT and R0sSS’ theorem quoted above G and
G™ are topologically isomorphic if and only if G is totally bounded. The
condition on G to be Hausdorff is precisely the definition of G being
mazximally almost periodic (MAP). The non-trivial fact that locally
compact Abelian groups are MAP is a decisive step in the proof of the
P-vK duality theorem. Examples of non MAP groups are plentiful ([8]
(23.32) and [17]).

Since G is a totally bounded group, it is a dense subgroup of its
so-called (compact) Weil completion, denoted by G+. The latter is also
referred to as the Bohr compactification of G, and it is denoted by bG,
i.e., G+ and bG coincide. We refer to the topology of G* as the Bohr
topology of G.
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3. MAIN THEOREM

Theorem 1. Let G be a totally bounded topological group. Define ¢ :
G—G by

o(9)(\) == Ag) for g€ G, X e G.

Then ¢ is a topological isomorphism of G onto G.

Proof: Clearly ¢ is one-to-one since G separates points. To see that ¢
is onto we follow directly the proof of Theorem 1.3 of COMFORT and

Ross [3]. Pick f € G. We proceed to show the existence of go € G
such that f = ¢(go): Define a homomorphism 7 : G — T¥IC] by:

T(Nete) = @(9)(A) = A(9)-

Clearly 7 is one-to-one. Define 6 : 7[G] — T by:

0(r(A) == f(N).

Then 6 is a homomorphism and we claim that in fact it is continuous.
For, notice that, since f itself is continuous on G, if € > 0 is given,
then there is a finite subset F' := {g;}; of G, and n > 0 such that, if
A e U := (F,n), then

(A =1 <e

Let V be the basic open neighborhood of 1 in T¥¢ defined as the
intersection of the inverse images of the n-neighborhood of 1 in T under
the n projections ¢(g;). Then Vy :=V ﬂT[é] is a neighborhood of 1 in
7[G] and if 7()) € Vj, then

0(r(A) =1 =[f(N) =1 <,

as required.

By uniform continuity  can be extended to a character on the clo-
sure K of 7[G] in T#I¢l. This character can in turn be extended to a
character on T#I¢ (see HEWITT and Ross [8], (24.12)). Let us again
denote this extension as ¢. By loc. cit. (23.21) there are elements
{g:}_, and continuous characters of the circle {6;}?_, such that

0((te(g))) = H Or(te(g,)) Whenever (fy()) € T,
k=1
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Since for each character 0 there is some my, € Z such that 0(t) = t™*,
we have for every A\ € G:

f) = 9(7( ) = 0((A9)))
= H9k (9x) :H (9x))

= A(91 g

Thus define g := g™ - - g". Then f = ¢(go), which proves that ¢ is
onto.
That ¢ is a homeomorphism follows from the fact that the topologies

of G and G are both the topologies of pointwise convergence on G.
Hence the proof of the theorem is complete. [ |

Remark 2. Theorem 1 follows as well from Propositions 2.8, 3.9 and
Theorem 3.11 of MENINI and ORSATTI [14].

4. EXAMPLES

We start by comparing G with G in two somewhat extreme cases.

In the first example (¢ G is the same as G. In the second we explain how
G is different from G.

Example 3. If G is compact, then G is discrete, while G is a dense
subgroup of its (compact) completion. If G were discrete, it would be
a locally compact subgroup of a compact group, so it would be closed
and therefore finite. Hence while G and G are algebraically the same,

they are different as topological groups. But G= (Ni as both topologies
come from the finite sets of G' or correspondingly G. |

Example 4. Let A denote any infinite discrete group and set G := A™.
Then G is totally bounded, hence Theorem 1 applies. We will see infra
in Lemma 14 that all the compact subsets of G are finite (LEPTIN [12],

see also [4] and [7]). Therefore G and G are equal (to the compact
group 121\) G and G are algebraically the same but their topologies

differ: G gets its topology from the finite subsets of A\ hence it is
topologically isomorphic with A*1 as Theorem 1 assures. In contrast,

G receives its topology from the compact subsets of A i.e., G is the
discrete group A. [ |

Our aim next is, given an abstract group, to characterize a totally
bounded topology on it in terms of the dual. We need a lemma first.



6 S. U. RACZKOWSKI AND F. J. TRIGOS-ARRIETA

Lemma 5. Let Gy and G be totally bounded groups. Let

VG — Gy

be a continuous homomorphism. Then the adjoint homomorphism
V:Gy— G

defined by
Y(A) = Aoy

18 also continuous.
finite finite .
Proof: For F C Gy, we have ¥)(F) C Ga, hence, if € > 0, then

W((W(F),e)) C (Fe).

H

Assume X is an Abelian group; let A, B € S(H) be equipped each

with the topology inherited from TX, and define G := (X, 74) and

H := (X, 7p). Notice that G is topologically isomorphic to A and H is
topologically isomorphic to B.

Corollary 6. G is topologically isomorphic to H if and only if G is
topologically isomorphic to H.

Proof: (=) Lemma 5.
(<) Loc. cit. and Theorem 1. u

Corollary 7. Two totally bounded groups G and H are topologically
1somorphic if and only if G and H are topologically isomorphic. |

Example 8. Let G and H be two infinite cyclic totally bounded
groups. Since the abstract groups of G, H and Z are the same, and
since the only two automorphisms of Z are those sending 1 — +1, we
see that G and H are topologically isomorphic if and only if G = H.
In particular any two dense cyclic subgroups of T, say A and B, are
topologically isomorphic if and only if A = B. In contrast, notice that
if A and B are countable subgroups of T then, by the celebrated result
of SIERPINSKI [21], all four groups A, B, (Z,74) and (Z, 75) are always
homeomorphic. [ |

We can also characterize the Bohr topology of a MAP group in terms
of the second dual.

Corollary 9. If G is MAP, then G™ is topologically isomorphic to
G. u
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Remark 10. Recall that if G is a topological group, and S C G, then
the annihilator of S in G is defined by

A(G,S) :={ e G:A[S] = {1}}.

We have that annihilators are always closed subgroups of G. In the
following assume that G is a totally bounded group with H a closed
subgroup of G.

(1) (G/H) is topologically isomorphic to A(G, H) by the map ¢ —
pom where m : G — G/ H stands for the natural epimorphism;
compare with [8] (23.25).

(2) H is topologically isomorphic to A(G, A(G, H)) = A(G, A(G, H)):
compare with [loc. cit.] (24.10).

(3) H is topologically isomorphic to G/A(G, H); compare with [loc.
cit] (24.11).

We left the proofs of the above assertions to the reader.

5. AN APPLICATION

In this section we apply the material so far developed to reconsider
the following fact, first noticed in [7]:

Theorem 11. (GLICKSBERG) If G is a locally compact Abelian group,
then G and GT have the same compact sets.

A MAP group that satisfies the conclusion of Glicksberg’s theorem
is said to respect compactness. Additional proofs of this result were
obtained by CHRISTENSEN [5], DIKRANJAN, PRODANOV, and STOY-
ANOV [6] (3.4.3), HUGHES [9], MORAN [13], and TRIGOS-ARRIETA
[23]. The special cases G discrete (proven for the first time by LEPTIN
[12], and reproved by COMFORT and TRIGOS-ARRIETA in [4]), and
G = R are of fundamental importance in the proof offered in [23]. The
case G discrete is treated in cases in [4]. In what follows we deal with
it all at once. The case G = R relies upon [22] (1.7), a result that
remains unpublished. A modification of it (Lemma 15 infra) is offered
here. We believe however that what makes our approach interesting is
the following:

Theorem 12. A topological group G satisfying P-vK duality respects
compactness if and only if the compact subsets of G™T coincide with

the subsets ofé (= G) whose restrictions to the compact subsets ofa
are equicontinuous, i.e., if Bohr compactness and equicontinuity on the
compact subsets of G coincide.
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Recall that K C G is equicontinuous on the subset C' of G if when-
ever ¢ > 0 is given, then for every ¢ € C, (), )\‘E[VE()\(C))] is a
neighborhood of ¢ in C.

Proof of Theorem 12. By Corollary 9 G is topologically isomorphic

to G. Also G is topologically isomorphic to G by P-vK duality. Thus,
noticing that G = @, it is clear that G respects compactness if and

only if every compact subset K of @, is also compact on G. Since T

is compact, ASCOLI’S Theorem (see for example [2] (Theorem X §2.5

2)), assures that this is equivalent to show that K is equicontinuous on

every compact subset C' of G. |
We start with the following fact.

Lemma 13. Let C' be a compact group. If (\n), oy converges to 1 in
C, then Ky := {\, : n € N} U{1} is equicontinuous on C.

Proof: If ¢ > 0, and a € T, let B.(a) == {C € T : | — a| < e},
Set C = (Ngon Mg [Be/2(1)]. Since A, — 1 pointwise on C, we have
C = U, en C,. Since C is Baire, there exists Ny, € N and an open set,
say U, with U C C},. Since C' is compact, there exist finitely many
elements, say x1,...,Z,,, in C' such that C = x,U U ... U z,,U. Now
choose N > Ny such that n > N = |\, (z;) — 1] < ¢/2, for every
g=1..m.

Let ¢ € C. Choose j € {1,...,m} such that ¢ € z;U. Choose u € U
with ¢ = zju. If n > N, then

[Anlc) = 1] = [Au(zju) — 1] = [Au(zj) An(u) — 1
< |)‘n(xj))‘n(u) = An(u)] + [An(u) =1
= |Au(zy) = 1+ [A(u) — 1] <e.

Since W := (), -y A [Ve(An(c))] is a neighborhood of ¢ in C, it fol-
lows that V' := WnNx;U is a neighborhood of ¢ as well, totally contained
in Myex, A [Ve(Mc))], as required. |

The above result remains true assuming only that C'is Baire and tak-
ing continuous homomorphisms into some topological group H rather
than characters, as proved by KHAN and KHAN [10]. Our proof how-
ever is not very long and we include it for the self-containement of the
paper.

Recall that every countable compact space is metric. To see this, for
each pair of distinct points in the space find a real-valued continuous
function that separates them. Since the collection of functions found
in this manner is countable, we can then consider the evaluation map
defined by this collection.
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Corollary 14. If G is discrete and K is a compact subset of GT, then
K is finite.

Proof: We argue by reductio ad absurdum. If K is infinite, choose an
infinite countable subgroup H of G such that H N K is infinite. By [§]
(23.26), H" is closed in G*. Hence H™ N K is a countable compact
subspace of H*. Thus there is an infinite convergent sequence (A,), oy
in H* N K, and by a simple translation, we can even assume that
{(An) ey converges to 1in H™, hence in G*. By Lemma 13 we see that
Ko := {\, : n € N}U{1} is equicontinuous on C' := G. Thus, ASCOLI’S
Theorem (i.e., Theorem 12) implies that Kj is a compact subspace of

G which is discrete, contradicting the fact that K is infinite. |

Instead of using Lemma 13 and Theorem 12 in the proof offered in
4], one uses the fact that if G is discrete, then any convergent sequence
in G must be eventually constant. This clearly follows from Lemma
13 and Theorem 12. As we pointed it out, the proof of this fact in [4]
is given in cases.

For G = R, we need the following construction in which ((z)) stands
for the decimal part of (real) z. Our model for T is [0, 1) equipped with
operation + mod 1:

Lemma 15. Let (), be a sequence of real numbers such that x, >
1, and x4 > (n+ 1)z, for every n € N. Assume that (uy,), oy is @
sequence in [0,1). Define two sequences of real numbers (Ay), oy and
(an),en 10 the following way: Put Ay := 0, and a; == u; — ((A1)) = uy,
and if Ay and aj have already been defined, put

x
A1 = (A + a)
Tk
and agi1 = tg1 — ((Ags1)). Then
o= —
1 Tk

1s a well defined real number such that for every k € N

k a; 1
= 7 kxy,
and
|((azn)) — un| — 0. (B)

Proof: Notice that, as defined, for each k € N we have |a;| < 1 and
Ay + ap = [Ag] + ug, where [z] denotes the greatest integer contained
in (real) z. We must verify that |((az,)) — u,| — 0. For fixed n € N
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one proves by induction on k that =, > (n:!k)!xn, for every k € N.

Moreover, it is known that -7 . & < == ([11] (7.2)). Thus

n-n!
Il I A AN
DD DD R D
j=1"7 j=k+1 " =k
— 1 — Kk
= D e S G
= L (k+7) e (l{? +]).xk
R N U i 1
v i (k)b @ G2, 7
k1 1
< X -
which proves (A), hence |zza — 2?21 a; 7| — 0. We now claim that
J
LR
Y= = At (1)
— T
7=1

for each k € N. The statement is obvious for £k = 1. Assume that (1)
holds for some k£ € N. Then

G T b a a
Z E+1 j k+1
il'j = .I'j

x
P k+1

k
Tk+1 Tk
= E a;— | + agy1
T XT;

j=1

T
= A+ ap) + ap
Ty

= Api1 + apq,

which proves the claim. It already was noticed that Ax+ay, = [Ax]+ug,
thus (B) follows. [ |

This result is proved in [22] (1.7 & 1.8) and its proof is based on
Exercise 5.37 of PARENT [15].

Corollary 16. If K is a compact subset of R™, then K is compact in
R.

Proof: It is enough to show that K" is bounded. If otherwise, then ac-
cording to Theorem 12, we must find a compact subspace C' of R = R,
such that the restriction of K to C'is not equicontinuous. Assume with-
out loss of generality that K does not have an upper bound. Choose
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a sequence of real numbers (x,), .y contained in K such that z; > 1,
and z,.1 > (n+ 1)z, for every n € N. Consider the sequence

-

The number « := > 7, Z—: eER = ]l/é, as supplied by Lemma 15, satisfies
la(x,) — up| — 0. Set C':= [ — 1, + 1]. If the restriction of K to
C' were equicontinuous, there would exist ¢ € (0, 1) such that for every
n € N and every y € Vs(a), we would have |z,(y) — z,(a)| < 1.
However this is not the case: Otherwise, find N € N such that

+2— < §. Define the sequence

if n is odd,

otherwise.

Ol

Nz
oy, ifn<N
Un -= Unpy1 Otherwise.
Now apply Lemma 15 again to the sequences (), oy, and (vp), oy, to

find by € (—1,1) such that 8 := Yoo, % satisfies |3(x,) — v,| — O.

Tk

Notice that a; = b, for £k < N. Therefore

[e.o]

> b
x.
j=N+1 Y
o
2
< 24
) T
j=N+1 J

o0

a— gl =

S ZNSCN
by Lemma 15 (A). Thus § € Vs(a). Now find M > N such that
la(2,) — up| < § and |3(x,) — vn| < § whenever n > M. But since
n>N = |u, —v,| =3, [,(3) — ()| < } is impossible. This con-
tradiction shows that the compactness of K in Rt implies the bound-
edness of K. [ |

Remark 17. Let us denote by K the class of MAP groups that respect
compactness. Glicksberg’s Theorem says that locally compact groups
are contained in K. REMUS and TRIGOS-ARRIETA have proved that
KC is productive [18] (2.1), and hereditary with respect to subgroups
[20]. Additional results are given in [1] and [19]. However a full char-
acterization of IC is still underway:.
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