
Chapter 7 

Comparison of Two Means Ð Analysis of Variance 
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 The comparison of two samples to infer whether differences exist between the two 
populations sampled is one of the most commonly employed biostatistical procedures. 
Frequently a two-sample t test of the appropriate sort is used. However, this test for two 
samples cannot be applied to cases where there are more than two samples. Analysis of 
variance (ANOVA), on the other hand, is commonly employed in cases where there are more 
than two samples and also can be used for comparing two samples. Therefore, only ANOVA 
is employed in this course to compare two or more samples; this reduces the number of 
statistical test procedures to be mastered. 
 
 When testing if two samples come from the same population, the two-tailed 
hypotheses are:  

Ho: µ
1 = µ

2  Ha: µ
1 ≠ µ

2
.  

To test the null hypothesis using ANOVA a new test statistic, the F statistic, is computed. As 
with the previous tests a 0.05 significance level is used so that if the probability of the F 
statistic is greater than 0.05 we accept Ho and reject Ha. Conversely, if the probability of the 
F statistic is less than 0.05 we reject Ho and accept Ha  
 
 Basically, ANOVA operates by comparing two estimates of population variance: a) 
the "error" or "within" group variance and b) the "factor" or "between" group variance. If the 
groups or samples are all taken from the same population, then these two estimates of 
variances should be very similar. However, if the groups differ from one another, then the 
variance estimated between the groups, the variance due to the experimental "factor," will be 
higher than the average variance estimated within the groups, the variance due to 
experimental "error." 
 
 Assume that an investigator wishes to test the biological hypothesis that the 
metabolism of Fattus rattus is affected by sex and collects the data in arbitrary units of 
oxygen consumption (Table 7.1). In this case, the alternative hypothesis is that metabolism 
differs between the sexes and the null hypothesis has to be that metabolism does not differ 
with sex. Symbolically, this is expressed as 

Ho: µ male metabolism = µ female metabolism  

Ha: µ male metabolism ≠ µ female metabolism  

The appropriate analysis of these data is termed a single factor or one-way ANOVA since the 
effect of only one factor, sex, on the variable in question, metabolism, is being tested. There 
are two levels or groups of the factor (male and female). Samples of both male and female 
metabolism are obtained to test these hypotheses (Table 7.1). 
 
Table 7.1. Metabolism in arbitrary units of O2 consumption of male and female Fattus rattus. 
 

      
     Males:  6.06 10.90 10.57 9.42 11.20 7.72 9.78 9.63 13.62 7.54 

Females: 10.84 8.16 8.84 8.10 8.44 8.10 10.84 11.48 11.80 11.18 
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 As mentioned above, ANOVA tests the null hypothesis that metabolism does not 
differ between the sexes by comparing two estimates of population variance. The variance 
(s2) between the sexes, the factor variance, is estimated based on the means of the males and 
females. The variance within the sexes, the error variance, is also estimated based on each 
of the individual values. Remember that a distribution of means has a smaller variation – its 
bell shape is narrower—than a distribution of individual values. Thus, intuitively, you would 
think that if the two sexes came from the same population then the between variance would 
be the same, or less, than the within variance. This leads directly to the actual statistical null 
hypothesis of ANOVA that the between group variance is less than or equal to the within 
group variance. The variances (s2) are also referred to as mean squares or simply MS. 
Furthermore, the between groups MS is also frequently referred to as the Factor MS while the 
within group MS is referred to as the Error MS. Thus, the ANOVA hypotheses can be stated 
as  

Ho: s2 between < s2 within Ha: s2 between > s2 within 
Ho: MS Factor < MS Error  Ha: MS Factor >MS Error 
 
The test statistic computed is referred to as "F," to honor R. A. Fisher, a famous 

biostatistician, who derived it, and is calculated as 

 F =
MS

Factor

MS
Error

 [7.1] 

with appropriate degrees of freedom which are described in greater detail below. Just like the 
preceding statistical tests, if the F test results in a P<0.05 then the Ho is rejected and Ha is 
accepted. In such a situation, the variance between groups is significantly greater than within 
the groups. Or, in other words, the variance due to the experimental factor (e.g., sex) is 
greater than the variance due to experimental error (measurement of metabolism). This could 
only occur if the means of the groups differed significantly, i.e. the mean metabolism of the 
males and females differed significantly. Thus, rejection of Ho: Ho: MS Factor < MS Error 
also results in rejection of the Ho: µ1 = µ2. Of course, this is assuming that the variance 
within each group, or experimental error, is similar which is a key assumption of ANOVA. 
Since a sound experimental design minimizes bias and external variation this assumption is 
usually valid for planned experiments. 
 

Let's analyze the data set in Table 7.1 using ANOVA to test the hypothesis that the 
metabolism of Fattus rattus is affected by sex of the animal. We will do this using a 
calculation sequence, which allows us to see how ANOVA works even though it is an 
inefficient, long-hand manner which only works if the sample sizes of the two groups is 
identical. First, let's examine the descriptive statistics for the two samples. This has been 
done using the template " DescStats+1t.XLT," previously covered, to which the calculation 
for variance and standard deviation have been added (cells A4:C5). Variance was calculated 
by squaring the EXCEL function STDEV. Recall that variance is really the corrected sum of 
squares divided by degrees of freedom (SS/df). 

The first estimate of the population variance (σ2), 
the within or Error variance (s2), is simply an average of 
the variances of each of the samples (if, and only if, the 
sample size for each of the groups is the same!). Thus, in 
the example the Error s2 is 3.546 (=[4.634+2.458] / 2). 
The Error df is simply the sum of the df for each of the 
groups where the df for each group is n-1; thus, the Error 
df is 18 [=(10-1) + (10-1)].  

The between or Factor s2 is the second estimate of 
the population variance, and it is computed based on the 
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then  s
x 

2 =
s2

n
 and s2

= (s
x 

2
)(n) . In our example, the variance of means (sx 

2 = 0.009) is 

multiplied times the sample size on which each mean is based (n=10). Thus, the Factor s2 = 
0.090 (=0.009 x 10). The Factor df is 2 or the number of groups minus 1. 
 
 If the two groups do indeed come from the same population, then the Factor s2, based 
on means, will be equal to or less than the Error s2 that is based on individuals. This is so 
since the distributions of means of samples taken from the same population are much more 
likely to have a lower variance than the distributions of individuals sampled from that same 
population. On the other hand, the distributions of means of samples taken from different 
populations are much more likely to have a higher variance than the distributions of 
individuals sampled from that same population. Because of this, the one-sided Ho: Factor 
(between) s2 < Error (within) s2 and Ha: Factor (between) s2> Error (within) s2 are always 
used in ANOVAs to test the two-sided Ho: µ1 = µ2. An F test statistic is generated and it is 
simply the ratio of Factor s2 to the Error s2, or F= Factor s2 / Error s2. (Remember that a 
variance is also called a mean square or MS). 
  

In the sample problem, the F test statistic is computed as 0.090 / 3.546 = 0.025 with 
df = 1/18 (1, Factor; 18, Error). Use of the EXCEL Statistical Function FDIST results in 
determining P(F α(1)=0.05,1/18= 0.028) = 0.875. This P is much greater than 0.05 so both 
the one-sided Ho: Factor s2 < Error s2 and the associated two-sided Ho: µ1 = µ2 are accepted. 
Thus, the metabolism of the males and females are not significantly different. 

 
Let's consider again the data set in our example, 

but this time let's see the effect when the metabolism 
measurements for each male individual are increased by 2 
units (data and statistics to the right). ANOVA can be 
used again to test the Ho: µ male metabolism = µ female 
metabolism. The Error s2 and df is the same as before, 3.546 
and 18, as the s2 in each of the groups has not changed. 
The Factor s2, however, is now considerably higher since 
the means of the two groups now differ to a much greater 
degree. Now the Factor s2 is 17.410 (=10 x 1.741) since 
the variance of means (s

x 

2 ) is much higher (1.741 in 
contrast to 0.009 before). Remember that the estimate of 
variance based on means (sx 

2 ) needs to be multiplied by 
the sample size (10) in order to obtain an estimate of the 
population means s2.  
The resulting F test statistic is now 4.908 (= 17.410/ 3.547) with the same df's as before 
(1,18). Use of the EXCEL Statistical Function FDIST results in determining P(F 
α(1)=0.05,1/18 = 4.908) = 0.040. Thus, the "factor" of sex in this case results in rejection of 
both the one-sided Ho: Factor s2 < Error s2 and two-sided Ho: µ1 = µ2. Therefore, the Ha: 
µ1 ≠ µ2 has to be accepted. In the example, the metabolism of the males is significantly 
higher by 19% (= [11.64-9.78]/9.74). 
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F Distribution  

 The F distribution is similar to the t distributions in many ways. First, there are many 
F distributions that vary with the degree of freedoms involved; however, the F distribution 
differs in that two degrees of freedom, those of the numerator and denominator, have to be 
considered. Secondly, the construction of an F distribution can be imagined in a similar 
fashion to other two distributions. Imagine again constructing a huge known population with 
some variable, say length, which has a known µ and σ. Then imagine taking say, two 
samples of some fixed size (e.g., 2 for sample A and 19 for sample B) from this population, 
measuring the length of each individual, and computing the variances (s2) for each sample. 
The F distribution can most easily visualized as sampling a distribution of  

F =
s
A

2

s
B

2
 [7.2] 

Imagine making this calculation a zillion, zillion times, and then plotting on the Y-axis the 
frequency of times that a particular F on the X-axis is observed. If the values on the Y-axis, 
the frequencies, are divided by the total number of number of F's obtained (e.g., zillion, 
zillion) then that axis becomes relative frequency. The resulting plot would be similar to the 
one shown Figure 7.1. 
 

Figure 7.1 shows the relationship between relative frequency and F values where the 
df of sample A, the numerator, is 1 and the df of sample B, the denominator, is 18. A one-
tailed 5% rejection region is marked off at a F = 4.41. As with the t distribution, the 
distribution of F changes with degrees of freedom and at low degree of freedom the 
distribution is L-shaped as in Figure 7.1. At higher degrees of freedom the distribution 
becomes humped and strongly skewed to the right.  

 

0

0.1

0.2

0.3

0.4

0 1 2 3 4 5 6

R
el

a
ti

v
e 

F
re

q
u

en
cy

F = s2

A
 / s2

B

4.414

0.95 0.05

 
Figure 7.1.  Relative frequency of F for 1 and 18 degree of freedom (dfA=1, dfB=18). A one-
tailed 5% rejection region is marked at F = 4.14.  
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Table 7.2.  Cumulative F distribution. The body of the table contains values of F where the 
top row is the number of degrees of freedom in the numerator and the left-hand column is the 
number in the denominator. Both "1-sided" and "2-sided" probabilities are indicated. 
 

1-sided 1 2 3 4 5 6 7 8 9 10 2-sided 
 
15 0.05 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 .10 
 0.025 6.20 4.77 4.15 3.80 3.58 3.41 3.29 3.20 3.12 3.06 .05 
 0.01 8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89 3.80 .02 
 0.005 10.8 7.70 6.48 5.80 5.37 5.07 4.85 4.67 4.54 4.42 .01 
 
20 0.05 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 .10 
 0.025 5.87 4.46 3.86 3.51 3.29 3.13 3.01 2.91 2.84 2.77 .05 
 0.01 8.10 5.85 4.94 4.43 4.10 3.87 3.70 3.56 3.46 3.37 .02 
 0.005 9.94 6.99 5.82 5.17 4.76 4.47 4.26 4.09 3.96 3.85 .01 
 

The cumulative probability distribution of F for one- and two- tailed probabilities for 
a variety of degrees of freedom is provided in Table 3, Appendix B. An abbreviated version 
of it is shown here in Table 7.2 for a much smaller range of degrees of freedom. The 
numerator dfs are arranged in the top row (1-10) while the far left-hand column indicates the 
denominator dfs (15, 20). Both one-sided and two-sided probabilities are provided in the 2nd 
column on the left-hand side and the last column on the right side. For most our uses of this 
table we are interested in only the one-tailed probability since we use F statistics primarily to 
test one-tailed hypotheses. The table can be used in a number of different ways. At 3 dfs in 
the numerator and 15 in denominator, the probability of a F of 4.15 is 0.025, or symbolically 
P(F[α(1),3,15]=4.15)=0.025. At these same dfs, the critical F value is 3.29, or symbolically, 
F[α(1)=0.05,3,15]=3.29. The probability for a F[α(1),5,20]=2.98, which falls between the table values 
of 2.87 and 3.51, typically would be expressed simply as P<0.05 even though it is also 
>0.025. Similarly, P(F[α(1),5,20]=2.08) >0.05.  

 
Although it is informative to give the actual probabilities all that is really necessary is 

to indicate whether P is greater or lesser than 0.05 since this is the level of rejection or 
acceptance. Critical F's, those at the 0.05 level, can be easily estimated by simple 
interpolation. For example, F[α(1)=0.05,3,18] is estimated to be 3.57. The difference 
between the critical F's at 15 and 20 is 0.19 (=3.29-3.10) and df of 18 falls 3/5's of the way 
between 15 and 20; thus, F[α(1)=0.05,3,18] =3.29 - (0.19)(3/5)=3.29 - 0.11 = 3.57. 

 
ANOVA Revisited 

 ANOVA statistics are typically summarized in a table (Table 7.3) that gives the F test 
statistic and its associated one-tailed probability. Also included are the sources of variation, 
their degrees of freedom, sum of squares, and mean squares (= variances, s2). The 
computations made to obtain the information in the table are generally made using 
computers, and differ from those outlined above. 
 
 Some important features to be noted about the ANOVA table follow. Both the SS and 
the df of Factor and Error are additive and when summed equal the total SS and total df. This 
is not the case for MS, which are always obtained by dividing the SS by its associated df. The 
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Factor SS is based on the deviation of the mean of a Factor group ( x , e.g, male) from the 
overall mean ( x , mean of all the data regardless of group or Factor). The Error SS is based 
on the deviation of an individual value (X) from its group (Factor) mean. The total SS is 
based on the deviation of each individual value from the overall mean. The Factor df is equal 
to the number of groups (m) minus 1. In the example, the number of groups, sex, are two; 
thus, the Factor df = 1. The Error df can be expressed as either the sum of all the group 
sample sizes minus the number of groups (! n-m) or as the sample size minus one summed 
for all the groups (Σ[n-1]). 
 
Table 7.3.  Examples of ANOVA table format. A is for data in Table 7.1, B for these data 
with 2 units added to each male, and C is a general description of the statistics. 
 

A) Source SS df MS F P 
Factor 0.090 1 0.090 0.025 0.875 
Error 63.833 18 3.546 
Total 63.923 19 

B)  Source SS df MS F P 
Sex 17.410 1 17.410 4.909 0.040 
Error 63.833 18 3.546   
Total 81.243 19    

C)  Source SS df MS F 

 Factor based on xx !   m -1 SS/df 
MSError
MSFactor 

 Error based on x X  n - m SS/df  
 Total based on xX  n -1 

Calculating ANOVA using EXCEL  
 ANOVA calculations can be done quickly and efficiently in the EXCEL template 
provided. The template is shown with the data from Table 7.1 with 2 units added to each 
male (Figure 7.2). The typical ANOVA summary table is displayed with the calculated F 
statistic and its associated probability. Also displayed are the various calculations needed to 
obtain the three sums of squares and the descriptive data for each group for presentation in a 
table and figure. The template is set up to handle seven groups (7 levels for one Factor).  
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. 
Figure 7.2.  Excel template entitled "ANOVA.XLT" used for single factor ANOVA.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example Problem  
Table 7.4.  Using the following data, determine if male and female turtles have the same 
mean serum cholesterol concentrations (mg/100mL). 
 

Male 220.1 218.6 229.6 228.8 222.0 224.1 226.5 
Female 223.4 221.5 230.2 224.3 223.8 230.8 

 
I. STATISTICAL STEPS  
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A. Statement of Ho and Ha 
Ho: µ male cholesterol = µ female cholesterol Ha: µ male cholesterol ≠ µ female cholesterol 
  
true Ho: MS sex (Factor) < MS Error (within) 
true Ha: MS sex (Factor) > MS Error (within) 

 
B. Statistical test ANOVA 
 
C. Computation of F value  

This is done quickly in the Excel template 
"ANOVA.XLT." shown to the right. The data 
are simply put into a data file, saved (in case 
something goes wrong), and then imported 
into the template. The template provides the 
descriptive statistics needed for presentation 
in a table and figure. The F test statistic is 
0.393. 

 
D. Determination of the P of the test statistic 

P(F[α(1)=0.05, 1/11] = 0.393) = 0.544 
 
Could consult Table of F values to find P 
value for test statistic (Table 4, Appendix H) 
• use 1 df in numerator (across top) 
• use 11 df in denominator (across left side) 
• use "1-sided test" (this type of F test is 
always one-sided)  

 
II. Statistical Inference 

1) accept Ho: MS sex (Factor)  < MS Error (within) 
    reject  Ha: MS sex (Factor)   > MS Error (within) 
 
2) accept Ho: µ male cholesterol = µ female cholesterol reject Ha: µ male cholesterol ≠ µ female cholesterol 
 
Notice that the 95% confidence limits overlap one another and the means, which 
indicates no difference between two samples. Because there is no significant difference 
between the males and females they could be combined into one sample, which is the 
best estimate of cholesterol values for this animal. This is sometimes done as was done 
here in the presentation (below). 

 
 
III. Biological Inference 

Results 
 Mean serum cholesterol levels of male turtles (Table 1) was not significantly different 
than that of female turtles (F 0.05,1,12 = 0.39, P =0.554; Figure 1). The pooled serum cholesterol 
levels of turtles obtained in this investigation were 25 % higher than that previously reported. 
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Table 1.  Mean, sample size (n), standard error (SE), and range of serum cholesterol levels 
(mg/100 mL) of male and female turtles. 
 
Sex n Mean SE Range 
     
Males 7 224.2 1.61 218.6 - 229.6 
     
Females 6 225.7 1.58 221.5 - 230.8 
     
Combined 13 224.9 1.10 218.6 - 230.8 
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Figure 1. Mean serum cholesterol levels (mg/100 mL) of male and female turtles. The 
horizontal lines are the means, the rectangles are the 95% confidence intervals about the 
mean, and the vertical lines indicate the range from lowest to highest value. 
 

Problem Set Ð Comparison of Two Means 

 
As covered in the previous chapter, analysis of variance (ANOVA) can be used to compare 
two samples. Furthermore, it is the predominant statistical test used for comparing means of 
three or more samples and is the basis for a variety of other testing procedures (e.g. 
regression). In the case of multiple mean comparisons, the null hypothesis could be stated as:  

Ho: µ1 = µ2 = µ3 = ... = µm 

and there are a multitude of alternative hypotheses which will be covered in Chapter 9. 
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 In this chapter, you will simply use ANOVA to compare multiple samples of data. 
You will use the techniques introduced in the previous chapter that include both the longhand 
calculations that work only with equal sample sizes and the computer enhanced, efficient 
calculations in the ANOVA template. 
 
 First, a brief reminder of how ANOVA works. It operates by comparing two 
estimates of population variance, a) the "Error" variance and b) the "Factor" variance. If the 
groups or samples are all taken from the same population, then the Factor estimate of 
variance should be less than the Error estimate. This is because the Factor estimate is based 
on means of the samples while the Error estimate is based on the individuals in the samples. 
Distributions of means always have a lower variance than do distributions of individuals. On 
the other hand, if the groups differ from one another, that is, come from different 
populations, then the Factor variance will be higher than the Error variance. 
 
 Let us review how to calculate the Error and Factor variances or mean squares (MS) 
using the insightful but inefficient technique introduced in Chapter 7. Assume that an 
investigator was interested in determining if the metabolism of two groups of animals was 
similar or different and made the following measurements (metabolism in arbitrary units). 
The calculations involved in obtaining the required values of MS and df are in Figure 8.1. 
These computations were made by simply converting the template "DescStats+1t.XLT" so 
that it gave s and s2 (right hand panel, Figure 8.1). 

 
Figure 8.1 Calculations for obtaining Error and Factor variances in cases where the sample 
sizes of the groups are the same. The right hand panel is a picture of the Excel template 
"DescStats+1t.XLT" modified to make these calculations. 

Here, Error MS is simply an average of the variances of the groups while its df is the sum of 
the respective dfs of each group. The Factor MS is the variance of the means times the 
sample size on which each means is based while its df is the number of groups minus 1.These 
statistics can then be placed into the typical ANOVA summary table as shown below. 
 
Table 8.1.  ANOVA summary statistics for the data analyzed in Figure 8.1.  
Source df SS MS F P 
Factor 2 6.0 3.0 0.136 0.875 
Error 6 132.0 22.0 
Total 8 138.0  

Raw Data Reduced Data 

 x  s s2 
Group A 75 4 16 
Group B 76 5 25 
Group C 74 5 25 

ANOVA Calculations 
Error Factor 

 

MS: (16+25+25)/3= 22 
df: (3-1)+(3-1)+(3-1)= 6 

1) x  = 75, 2

x
s = 1.0 

2) MS: (3)(1.0)=3.0 
     df: 3-1 = 2 
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 The F test statistic here clearly has a probability much greater than 0.05 (written as 
P>>0.05). Therefore, both the one-sided Ho: Factor s2 < Error s2 and two-sided Ho: µ1 = µ2 
are accepted. Thus, we can conclude that the metabolism of the two groups of animals is 
similar, and the two samples come from the same population.  
 
 The ANOVA summary table also can be generated using the EXCEL template 
"ANOVA&SNK.XLT" introduced in the previous chapter. The advantage of doing the 
calculations using this template are many but a key one is that the calculations work 
regardless of differences in sample sizes in the groups. However, the longhand method 
provides much more insight in how ANOVA actually works and so these calculations are 
worth doing in a few cases.  
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Problem Set  - Analysis of variance (ANOVA) 
7.1) Measurements were made of the amount of solar energy reflected from the back and 

wings of birds (cal . cm-2 . min-1). From the following data, determine if the mean 
amount of reflected energy is the same from both body locations. 

Bird  1 2 3 4 5 6 
Back 0.298 0.278 0.256 0.277 0.281 0.264 
Wings 0.316 0.287 0.291 0.284 0.308 0.289 

 
 

7.2) Is there a different test that could be applied to these data? Do it and see if there is any 
difference in the biological inference. 

 
7.3) It is hypothesized that animals with a northerly distribution have shorter appendages 

than animals from a southerly distribution. Test this hypothesis using the following wing 
length (mm) data for birds.  

Northern 120 113 125 118 116 114 119 
Southern 116 117 121 114 116 118 123  

 
7.4) It is proposed that chick embryos at room temperature will contain a higher ATP 

concentration (µmol . g dry weight-1) than will embryos raised at high temperature. Test 
this hypothesis with the following data on ATP concentration.  

Room Temperature 23.1 22.4 26.4 24.5 25.1 
High Temperature 19.8 23.5 21.3 23.0 18.7  

 
 
7.5) Analyze the data below. Prepare a Table, Figure and “Results” section and turn in next 

lab..hard copy only. 
 

Table 8.2. Wing lengths in five houseflies randomly selected from a population with a 
parametric mean (µ) of 45.5 and a parametric variance (σ2) of 15.21 
 

Group 
1 2 3 4 5 6 7 
41 48 40 40 49 40 41 
44 49 50 39 41 48 46 
48 49 44 46 50 51 54 
43 49 48 46 39 47 44 

 42 45 50 41 42 51 42 
 

 


