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 Two variables may be related in such a way that the magnitude of one, the dependent 
variable, is assumed to be a function of the magnitude of the second, the independent 
variable; however, the reverse functional dependence is not true. For example, the force of 
contraction of a muscle is directly related to stimulus intensity. The force depends upon the 
intensity, but obviously, the stimulus intensity does not depend upon the contractile force. 
Thus, stimulus intensity is the independent variable and contractile force is the dependent 
variable. 

 Dependent relationships of this sort are termed regression. In our example the 
relationship between contractile force and stimulus intensity would be termed a simple 
regression since there are only two variables involved. The adjective linear is used to refer to 
a relationship between two variables, which is best described by a straight line. Consider the 
data in Table 14.1. These data can be graphed by placing contractile force, the dependent 
variable, on the ordinate or Y-axis, and placing stimulus intensity, the independent variable, 
on the abscissa or X-axis.  The resulting graph (Figure 14.1) is termed a scatter plot, and any 
one plot point is described by a pair of X and Y values which are denoted as coordinates (X, 
Y). The scatter plot of the muscle data suggests a positive linear relationship between 
contractile force and stimulus intensity. The functional relationship can be precisely defined 
by applying regression statistics to these data. 

 
Table 14.1. Relationship between muscle contractile force (mJ) and stimulus intensity (mV). 
_______________________________________________________________________ 

intensity 1 2 3 4 5 6 7 8  
force  0.3 2.4 2.7 5.6 5.9 6.6 9.9 10.9 
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Figure 14.1.  Muscle contractile force (mJ) as a function of stimulus strength (mV). 

 
The functional relationship between a dependent and independent variable is 

described by the simple linear regression equation 

 Yi = α + β( Xi ) [14.1] 



77 

where ! and "  are population parameters and thus constants. This equation should be 
recognized as the general equation for a straight line where ! is the Y-intercept and "  is the 
slope. The only way to determine !  and "  with complete confidence and accuracy would be 
to measure all X and Y values for the entire population. Because this is nearly always 
impossible, these parameters are generally estimated from a sample of n data, where n is the 
number of pairs of (X, Y) values. The sample statistics, or estimates of !  and " , are denoted 
as a for the Y-intercept and b for the slope (regression coefficient), and the statistics simple 
linear regression equation is  

 Yi = a + b(Xi ) [14.2] 

As a reminder, the Y-intercept, a, is defined as the value of Y when X=0, and the slope, b, is 
the change in Y per unit change in X.  
 
 The critical hypothesis tested to determine if there is a functional relationship 
between X and Y is Ho: β = 0. That is, if the parametric slope is 0, then there is no functional 
relationship between X and Y. In other words, the value of Y does not depend on the value of 
X. In these cases, regression analyses are improper and some other approach must be taken 
(e.g., ANOVA for means). As always the 0.05 significance level is used, and if P(β =0) < 
0.05, then Ho is rejected and Ha: β ≠ 0 is accepted. Furthermore, it is concluded that there is 
a functional relationship between Y and X that is best described by the simple linear 
regression equation (14.2).  

 Determination of the line and associated equation that best fits the data is made using 
the method referred to as least squares. For data where any value of X has only one Y value 
(single Y/X regression) then each value of X in a data set will have one observed Y and a 
corresponding value of Y lying on the line of best fit. The value of Y on the line of best fit is 
referred to as the predicted Y, and is often denoted by placing the symbol ^ over the Y 
( Yö ).The best fit line is then defined as that which results in the smallest value for the sum of 
the squares of the deviation of the observed Yi from the predictedYö ; thus, least squares. 
  

The least squares fitted line is also characterized by always passing through the point 
denoted by the mean X and Y values. It is further based on the following assumptions. 

• The independent variable, X, is measured without error. This is, of course, 
impossible so the assumption is that the errors in measurement of X are much less 
than those in the measurement of Y.  

• For any value of X there exists a normal distribution of Y values, which have been 
sampled at random. 

• The variances of these population distributions of Y are equal to one another 
regardless of the X values; that is, the variances are homoscedastic as opposed to 
heteroscedastic.  

• The effect of X on Y is "additive"; i.e., an increase or decrease in X anywhere 
along the X-axis results in a constant increase or decrease in Y. 
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Regression Calculations—General 
 The regression reduced statistics for the muscle example data given in Table 14.1 and 
Figure 14.1 are summarized in Table 14.2. The complete sequence of calculation steps is 
included at the end of this Chapter for the interested students. All students should know that 
those calculations include obtaining the mean X and Y of all the data points ( x  and y , 
respectively), and obtaining b, the slope of the least squares line. The Y-intercept, a, is then 
computed by entering the calculated values for the slope (b), mean X ( x ) and mean Y ( y ) 
values in the equation Y = a + bX and solving for a, or in equation form 
 a = y  - b( x ) [14.3] 

 Note that the units of the regression coefficient or slope, b, are the units of Y divided 
by the units of X. In the muscle example, the slope was 1.473 mJ mv-1 (Table 14.2), with the 
units being derived from a Y axis in milliJoules (mJ) and the X units are millivolts (mV).  
Thus, the slope would be in units of mJ / mV or mJ . mV-1 (it's understood that the mJ has an 
exponent of +1 which is rarely ever shown). In the muscle example, the slope means that the 
average increase in muscle force (mJ), was 1.473 mJ per one unit change in the stimulus 
intensity (mV).  
 
Table 14.2.  Regression calculations for the data given in Table 14.1. The first row of 
reduced data are typically provided in papers for regression statistics. The remaining rows are 
provided here for students. 
__________________________________________________________________________
_ 

 95% Confidence Limits 
n Equation r2         syx sa sb a b 
7 mJ = -1.089 + 1.473 (mV)  0.965   0.741 0.578 0.114 -2.503-0.3241  1.1927-1.7525 
 

Uncorrected Sums  ΣX ΣY ΣX2 ΣY2  ΣXY 
 36 44.3 204 339.69 261.2 
 
Means & Corrected Sums x y Σxy  Σx2 Σy2 

 4.5 5.538 61.85 42 94.379 
 

Ho Tests  β = 0 ANOVA: F=165.74 P < 0.001 
t-test: t = 1.473 / 0.114 = 12.87, P < 0.001 

 
 α = 0  t-test: t =-1.089 / 0.578 = -1.89, P = 0.108 
___________________________________________________________________________ 
  

The units for a, the Y intercept, are the same as for the Y-axis. For the muscle 
example, the Y intercept is -1.089 mJ of muscle force. This is the force predicted at 0 
stimulus intensity based on the eight data points.  The units for the intercept would be that of 
muscle force or mJ in this particular case. For the muscle example, the complete equation 
would be  
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 Muscle force (mJ) = -1.089 mJ + 1.473 mJ mv-1 (stimulus intensity,mV) [14.4] 

but this would generally be written simply as  

 Muscle force (mJ) = -1.089 + 1.473 (mV) [14.5] 

 
Testing the Significance of the Regression 

 The Ho: β = 0 can be tested using an ANOVA procedure with an F test. The ANOVA 
procedure tests the Ho: MS linear regression < MS residual. The MS linear regression is the 
variance of all of the Y values from the mean Y ( y ) that is "explained" by the regression or 
relationship of Y on X.  If each data point fell exactly on the regression line, then all the 
observed variances from y  would be explained by the regression, and MS linear regression 
would be equal to the total variance of the Y values about y .  Generally all the data points do 
not fit on the line, and only part of the variances of the Y values from y can be explained by 
the regression. The variance that cannot be explained by the relationship of Y to X is termed 
the residual or "unexplained" variance (MS). In cases where Ho: β = 0 is true, that is, there 
is no regression, the unexplained variance, the MS residual, would be greater than the 
explained variance, the MS linear regression. It makes intuitive sense that there would be no 
relationship between two variables, no regression, if less variation were explained than 
unexplained. On the other hand when Ha: β ≠ 0 is true, that is, there is regression, and then 
the explained variance would be greater than the unexplained variance. Again, intuitively, it 
makes sense that there is a regression relationship if the explained variation is greater than 
the unexplained.  

 The results of the ANOVA calculations for regression are typically shown in some 
sort of tabular form as shown here Table 14.3. The "source" column refers to the source of 
variation--the explained, or that due to the linear regression, and the unexplained, that due to 
the residual (also frequently called "error"). The total variation is the total variance of all of 
the Y values about the mean of Y.  The second column, df, are the degrees of freedom for 
each of the sources. For simple regression the degrees of freedom for linear regression, the 
explained variation, are always 1 since this variation is based on two means (mean of Y and 
X). The residual df is always two less than the total number of points (again, due to the use of 
two means).  The third column, SS, are the sum of squares, and are derived from basic 
regression calculations (interested students can see how they are calculated in the appropriate 
section at the end of this chapter). Students should be aware that both the degrees of freedom 
and sum of squares are additive; that is, those values for linear regression added to the values 
for residual equal the total value. This is not the case for mean squares, MS. MS are the 
variations or s2s, and are calculated simply as the appropriate SS divided by their df. The F 
value is obtained by dividing MS linear regression by the MS residual. As a general rule of 
thumb an F value less than 4 is non-significant (b = 0, no regression) and greater than 4 is 
significant (b ≠ 0, regression).  

 Ho: β = 0 can also be tested with a t-test. Even more importantly, a t-test can be used 
to test Ho: β = c where c is some value other than zero. ANOVA cannot be used for such 
tests. The t-test procedure can also be used to test one-tailed hypotheses, Ho: β < c or Ho: β > 
c. This is a particularly useful test that one uses to compare their data with that observed by 



80 

others or based on some theoretical considerations. The general form of any t-test is simply 
dividing the difference between the values of an estimate of a parameter and a hypothetical 
parameter by the standard error of the parameter estimate. In the case of the regression 
coefficient, the estimate of the parameter is the slope, b, and the hypothetical parameter is c, 
generally 0, while the standard error of interest is that of the slope symbolized as sb. Thus, the 
t-test is simply 

 
b
s

cb
t

!
=  [14.6] 

with df = (n – 2) where 

  Sb = MSresidual

!x2
 [14.7] 

Please note that in cases where c=0 the t-test statistic can simply be computed as the 
square root of the F value computed in ANOVA.  

The denominator, Σx2, in equation 14.7 is a regression statistic that is necessary in many 
calculations as shown below, and is called the corrected sum of squared X's. It is calculated 
by 1) squaring each of the X values, 2) adding them all up, then 3) subtracting from that 
value the sum of all the X's, squared, and 4) divided by the n. This can be written in short-
hand notation as 

 Σx2 = ΣX2 - [(ΣX)2/n]  [14.8] 

For further description of this and other calculations, consult the sections entitled 
"Regression Calculations-Specific." 

Table 14.3.  Summary of ANOVA calculations in regression, and as applied to the example 
data given in Table 14.1.  
General 

Source df SS MS F 
Linear Regression 1 (Σxy)2 / Σx2 SS / df MSLin Regr / MSresidual 
Residual n-2 Σy 2 - (Σxy)2 / Σx2 SS / df 
Total n-1 Σy 2  

 
Data in Table 14.1 

Source df SS MS F P 
Linear Regression 1 91.081 91.081 165.74 0.000 
Residual 6 3.297 0.550 
Total 7 94.379 

  
Other Regression Statistics 

 One of the most frequently reported regression statistics is the coefficient of 
determination, r2, which is the proportion of the total variation in Y that is accounted for or 
explained by the best-fit equation. It is calculated as 
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 r2 = SS regression / SS total [14.9] 

In the special case where all the data points fall on a straight line, r2 would be 1. The r2 is 
frequently presented as a percentage. In the muscle example, it is 0.965 or 96.5%. This 
means that 96.5% of the variation in muscle contractile force is explained by the stimulus 
intensity; thus, only 3.5% is unexplained. 

 Another statistic frequently presented is the standard error of the Y-intercept, sa, 
which is computed as 

 sa = MSresidual(
1

n
+

x2

! x2
)  [14.10]  

This is actually a special case for determining the standard error of a predicted population 
mean Y at any given value of X. The standard error of such a population value is designated 
as sYp and is calculated as  

 sYp = MS
residual

[
1

n
+
(X

I
! x)2

" x2
]  [14.11]  

The standard error of a predicted mean Y of a new sample at any given value of X is 
calculated similarly but the size of the new sample (m) must be included as shown  

 s
Yö

= MS
residual

[
1

m
+
1

n
+
(X

I
! x)2

" x2
]  [14.12]  

In the special case where the standard error for a single additional measurement is desired 
then m = 1 and the 1/m term becomes 1. This is frequently referred to as the "prediction 
interval." 

 The various standard errors above can be used to test hypotheses about the Y-
intercept and predicted Y values using the t-test. For example, Ho: α = c can be tested using  

 
a
s

ca
t

!
=  [14.13]  

where c equals any hypothetical value. Similarly, Ho: µY = c could be tested by computing 
the predicted Y ( Ŷ ) and using 

 
Yö

s
cYö

t
!

=  [14.14] 

where s
Y

^ is that calculated using either Equation 14.17 or 14.18. 

 The standard errors can also be used to compute 95% confidence intervals and limits 
for any value. The general form of the equation for computing 95% confidence levels is 
simply to subtract and add to the statistic the appropriate t value times the standard error of 
the statistic. For example, the 95% confidence limits of β would be 
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 b + ( t [α(2)=0.05,n-2]) (sb) [14.15]  

The lower limit is b - t [α(2)=.05,n-2]) (sb) and the upper limit is b + (t [α(2)=.05,n-2)) (sb). 
Similarly, 95% confidence limits can be set for the Y-intercept, predicted population values, 
and/or predicted values for a sample or an individual.  

 
Calculating Regression Analyses Using EXCEL  

Regression calculations can be done quickly and efficiently in the EXCEL template 
provided. The template is shown below (Figure 14.2) using the data from the muscle example 
(Table 14.1). It should be noted that the appearance has been changed slightly in order to be 
able to display it here. Changes made include using a smaller-sized font, a smaller number of 
decimals, and narrower column widths. 
 
 
 

  
Figure 14.2.  EXCEL template "Regression.TMP" applied to the data set from Table 14.1. 
  

Using the template is very simple. First, the X and Y data are put into columns B and 
C starting in row 23; row 22 is used for short descriptors describing the X and Y data. 
Secondly, one has to input the appropriate code number into column A1. All the data covered 
in this lesson are arithmetic so "1" is the proper code number. Then, the analysis is complete! 

 One should inspect the results, and if a series of "#" show in a cell, this indicates that 
the cell has too much data for proper display. One should either increase the width of the cell 
or decrease the number of decimals displayed. The overall amount of information on the 
template exceeds a typical page, so to print the template it is best to use the print option of 
printing everything to one page (Page Setup |Page| Fit to 1 page). 

 The statistics included in the template include all statistics required for displaying 
regression analyses in a table. These are displayed in row 8 with the appropriate labels in row 
7 from columns B to O. Some cells will include simply a dash-dash in lieu of values since the 
values are inappropriate (e.g., logs for arithmetic data). They are organized is the same linear 
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order as they would be typically displayed in a table. One simply copies and pastes the values 
into a WORD file to construct the table necessary for publication. Columns P to R 
additionally include three Y values predicted from the regression equation. 

 The statistics required for testing the critical null hypothesis for regression that b=0 
are displayed in Rows 12, 13. The results of both a t and an F test are provided with the F test 
being in the form of the familiar ANOVA table. Also provided is the t and P value testing the 
Ho: a = 0. 

 Calculated values important to regression statistics are displayed in rows 15 and 16. 
These include the uncorrected sums of the X and Y values, and the uncorrected and corrected 
sum of square of the X, Y, and X times Y values. These are important in making the various 
calculations involved in obtained the regression statistics displayed above. They are also used 
in comparing regressions using a SNK procedure that will be covered later in this text. 

 Beginning in row 23 are the data for each individual X value. First, are the actual 
observed values, and then the predicted Y ( Ŷ ) value where the Y is calculated using the 
derived regression equation. The next two columns (G, H) labeled "Std Res" and "Lg 
Influence" will typically be empty except in a few cases. Observed points that fall far off the 
line to be considered a statistical "outlier" will be indicated as such in the "Std Res" column 
(G). These points typically fall outside the 95% predicted confidence interval for a single 
point. Occasionally a data point, usually at either end of the X scale may have a statistically 
large influence on the line; this is indicated by "lg infl" being displayed in the "Lg Influence" 
column (H). Such a data point typically affects the slope, and its removal will change the 
slope a relatively large amount. 

 Next in columns I through N are displayed for each observed X and Y, the standard 
errors for the population confidence and individual prediction points (Eqns 14.11, 14.12; 
Columns L, O), and the associated lower and upper 95% confidence limits around the 
predicted value. The latter are computed by subtracting and adding to the predicted Y value 
the appropriate 95% interval (= the product of the appropriate standard error times t 
[a(2)=.05,n-2]). 

 The last four columns contained the values labeled as indicated in row 22. The first 
three elements are simply calculated from the observed values. The Residual is the difference 
between the observed and predicted values of Y. The residuals plotted as a function of the 
observed X values should be randomly distributed and show no pattern. If a pattern is 
observed, say, similar to a U or an inverted U, then one needs to change the regression model 
(type) being since the shape is indicative of a curvilinear relationship. 
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Example Problem  

(Problem 14.1) 
I. STATISTICAL STEPS 
A. Statement of Ho and Ha 

Ho: b = 0 (change in sparrow wing length . day-1 = 0) 
Ho: b ≠ 0 (change in sparrow wing length . day-1 ≠ 0)  

B. Statistical test 
1. generate regression statistics 
 
2. test Ho: b = 0 using 
ANOVA or t-test 

C. Computation of statistics  
Template is used and 
displayed to right 

 

 
 
D. Determination of the P of the test statistic 

1. two-tailed t-test of Ho: b=0 P(t [a(2)=0.05,11]= 20.027) < 0.05 
2. F test of Ho: b=0 
True statistical  Ho: MS regression < MS residual 
 Ha: MS regression > MS residual 
Thus, a one-sided F test of MS regression / MS residual gives 

F = 19.132 / 0.0477 = 401.087 resulting in P(F[α(1)=0.05,1/11]= 401.087) < 0.05 
Note: the t value (20.027) is the square root of the F value (401.087).  

E. Statistical Inference 
1. reject Ho: b=0, accept Ha: b ≠ 0 
2. Thus, there is a linear relationship between the Y and X values. The magnitudes of the Y 
values are determined by the magnitude of the X values. The linear relationship is best 
described by the regression equation, Y = 0.713 + 0.270(X). 
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II. BIOLOGICAL INTERPRETATION 
 

Results 
 

 There was a significant linear relationship between wing length of sparrows and age 
(F 0.05, 1, 11 = 401.09, P < 0.001).  Age explained 97% of the observed differences in wing 
lengths of sparrows (Table 1).  By day 15, predicted wing length was 4.76 cm (Fig. 1). 
 
 
Table 1.  The relationship between wing length (cm) of sparrows and age (days) showing 
sample size (n), coefficient of determination (R2), and standard errors of YX (Syx), slope (Sb), 
and y intercept (Sy). 
 
n 

 
  Equation 

 
R2 

 
Syx 

 
Sb 

 
Sa 

95% Confidence Interval 
   intercept           slope 

 

        

13 
 

cm = 0.71 + 0.27 (days) 0.97 0.21 0.01 0.15 0.39 – 1.04      0.24 – 0.30  
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Figure 1.  Relationship between wing length  (cm) of sparrows and age (days). 
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Problem Set – Simple Regression 
Determine regression statistics for each problem and prepare a "Results" section. 
 
14.1) The following data are sparrow wing lengths (cm) at various times (days) after 

hatching. 
days 3 4 5 6 8 9 10 11 12 14 15 16 17 

cm 1.4 1.5 2.2 2.4 3.1 3.2 3.2 3.9 4.1 4.7 4.5 5.2 5.0 

 
14.2) The following data are the rates of oxygen consumption (VO2) of birds, measured at 

different environmental temperatures (Ta). 
Ta (°C) -18 -15 -10 -5 0  5  10 19 
VO2 (ml . g-1 . h-1) 5.2 4.7 4.5 3.6 3.4 3.1 2.7 1.8 

 
14.3) The relationship between the number of eggs laid and the dry mass (mg) of a female, in 

a species of clam: 
# eggs: 25 11 30 20 44 82 71 37 19 28 41 64 52 93 77 
mg: 10.7 6.8 13.2 8.2 22.8 41.6 33.2 19.2 7.8 14.8 21.3 29.4 26.8 43.9 36.2 

 
14.4) The following body temperatures (oF) were recorded in a rabbit at various times 

(hours) after being inoculated with a virus. 
hours 24 32 48 56 72 80 96 104 120 
oF 102.8 104.5 106.5 107.5 103.9 103.2 103.4 103.2 103.1 

 
14.5) For the data in problem 14.2 determine the 95% confidence intervals for the following 

regression statistics: a) slope, b) Y-intercept; c) predicted Y for the population at all 
sample X values; d) predicted Y for an individual at all sample X values. Plot the 
scatter diagram showing the following lines: a) regression line; b) the lower and upper 
95% confidence belts for the population and for c) an individual. 

 
14.6) Determine if the regression statistics of problem 14.2 differ from the following data 

taken from the literature: a) slope, - 0.12; b) Y-intercept, 3.75; c) at 15o C, a mean 
oxygen consumption value of 1.9; d) at 15o C, an individual oxygen consumption value 
of 2.3 
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Regression Calculations—Specific 
Following are a complete sequence of calculation steps necessary to compute the 

regression equation, to test Ho: β = 0 and to make predictions are given below. This may not 
read like a novel, but some students may find it useful.  

A. The first step is to determine the uncorrected sums of ΣX, ΣY, ΣX2, ΣY2, ΣXY, and the 
means of X and Y. Note that the Σ sign indicates summing from I=1 to n where n=number 
of pairs of X and Y; thus, ΣX is written as   

 !
=

n

1I

I
X  [14.16] 

in correct statistical notation. For ΣX2 and ΣY2 the values of X and Y for each point are 
first squared and then all n are summed. For ΣXY, the sum of the cross products, the 
value of X and Y for each point are multiplied and then all n are summed. 

 
B. The uncorrected sums are then used to determine the corrected sums of Σxy, Σx2, and 

Σy2. These are calculated by subtracting the appropriate correction term from the 
corresponding uncorrected sum. Proper statistical notation for the calculation of the 
correct sums of the cross products (Σxy ) would be  

 !
=

n

1I

xy = !
=

n

1I

I
XY - 

n

)Y)(X(
n

1I
I

n

1I
I !!

==  [14.17] 

This also could be written in shortcut notation as  

 Σxy = ΣXY - [(ΣX) (ΣY) / n] [14.18] 

Similarly the other corrected sums can be expressed in shortcut notation as  

 Σx2 = ΣX2 - [(ΣX)2 / n]  [14.19] 

 Σy2 = ΣY2 - [(ΣY)2 / n] [14.20] 

C. Elements of the actual equation are then computed. The slope of the line, b, is computed 
as 

 b = Σxy / Σx2  [14.21] 

The Y-intercept, a, is computed by entering the calculated values for the slope (b), mean X 
( x ) and mean Y ( y ) values in the equation Y = a +bx and solving for a, or  

 a = y  - b ( x ) [14.22] 
  

D. In making the ANOVA calculations, the variability of the Y values from y "explained" by 
the regression is determined by calculating the linear regression sum of squares (SS 
regression) as 

 SSregression = (Σxy )2 / Σx2 [14.23] 
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The df associated with SS regression is always 1. The unexplained variation or SS 
residual is then computed as simply the difference between the total sum of squares 
(SStotal) and the linear regression sum of squares. The total sum of squares is the same as 
Σy2 computed in 14.20 so  

 SS residual = Σy 2- (Σxy )2 / Σx2 [14.24] 

The df associated with SS residual is n-2.  

F. Table 14.2 presents the ANOVA summary for testing Ho: β = 0 against Ha: β ≠ 0. The test 
statistic, F, is computed as 

 F = MS regression / MS residual [14.12] 
and its probability is obtained using a one-sided alpha, df of 1 for the numerator, and n-2 
for the denominator. If P(F[α(1)=0.05,1/n-2]) > 0.05, then the null hypothesis, Ho: MS 
regression < MS residual, is accepted which means that Ho: β = 0 is also accepted. 
Conversely, if P(F[α(1)=0.05,1/n-2] ) < 0.05, then the Hos are rejected and Ha: MS 
regression > MS residual and Ho: β ≠ 0 are accepted. 

 


