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Charged hydrogenic problem in a magnetic field:
Noncommutative translations, unitary transformations, and coherent states
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An operator formalism is developed for a description of charged electron-hole complexes in magnetic fields.
A unitary transformation of the Hamiltonian that allows one to separate partially the center-of-mass and
internal motions is proposed. We study an operator algebra that leads to the appearance of effective particles,
electrons, and holes with modified interparticle interactions, and their coherent states in magnetic fields. The
developed formalism is used for studying a two-dimensional negatively charged magnetoeicitdinis
shown that Fano resonances are present in the spectra of inernahnsitions, indicating the existence of
three-particle quasibound states embedded in the continuum of higher Landau levels.
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. INTRODUCTION states and the three-particlee-B continuum. We demon-
strate that Fano resonant®&are present in the spectraXf
A quantum-mechanical description of a system of charge@ptical transitions in strong fields. This is an indication that
interacting particles in a magnetic field has long played &ahree-particle resonances—quasiboufid states embedded
central role in many solid-stafe® and atomi¢~’ physics in a continuum—exist in 2D systems in higher LL’s.
problems. Recently, there has been considerable interest in
such problems in the context of charged collective excita- 1I. CHARGED e-h SYSTEMS IN MAGNETIC FIELDS
tions in a two-dimensional electron gas in strong magnetic
fields® excitations in the fractional quantum Hall efféct
charged skyrmion& and charged magnetoexcitons in quan-
tum wells*? The internal and the center-of-ma&M) mo-
tions are generally coupled in a magnetic fi@ld Systems
with a constant charge-to-mass ratio, such as one-component
electron systems®’ are the exception. For a neutral prob-
lem, such as the two-body hydrogen afoon the excitor?* The Hamiltonian describing charged interacting 2D par-
there exists the possibility to separate the CM and interndlicles in a perpendicular magnetic fieli=(0,0B) is
variables in the Schoinger equation. Generally, however, ~
only a partial separation is possifieSeveral formalisms _E sz 1 2
have been developed in order to perform such a separation in H= J- 2_m]+§ < Ui (ri=1y), (1)
a magnetic field. X
In this work, we propose an operator approach forwhere II;=—i%V;—e;A(r;)/c are kinematic momentum
charged electron-hole systems in a magnetic field. This apeperators, andJ;;(r) are interaction potentials that can be
proach is a development of Ref. 13, which exploited an exacarbitrary. In the symmetric gauge= ;B X r, Hamiltonian
dynamical symmetry, the noncommutative magnetic translais characterized bpoth axial symmetry[#,L,]=0, and by
tion (MT).>®" _Here we show that in ordt_ar to maintain both {5 4siational symmetry, [H,K]=0. Here I:Z=Zj(rj><
the MT and axial symmetry about tfizaxis, one can use a —i#V;), is the operator of the total angular momentum pro-
description in terms o€oherent states of effective particles . " dR =S K. is the MT 1?8715 Th i
electrons €), and holegh) in B or, alternatively, perforna Jection an ) J_'Sf € (?pera or- , € genera
unitary transformation of the HamiltoniaiThe interparticle ~ {©ors of MT's for individual particles are given bi¢;=1I;
e-h interaction is modified by the transformation. We show —(&;/c)r;xXB; in the symmetric gauges;(B)=1II;(—B).
that closed analytical expressions can be found for matrixndependent of the gaugfg,j and ﬁj commute:[f(jp ,ﬁjq]
elements of the interaction after summing contributions from=0, p,q=x,y.

an infinite number of higher Landau levelsLs). Note thatl, andK? commute with each othef[,,K?]
The developed formalism is applied in this work to a de'=0, and both commute with the Hamiltonida. Therefore,

scription of a two-dimensiondD) charged magnetoexciton g, .t eigenstates ¢ can be simultaneously labeled by the

X_,’ a bound state of two e!ectrons and one hole, in h'_ghefotal angular momentum projectiodl,, an eigenvalue of
LL's. Charged magnetoexcitons were recently extensively

. Y . ~
studied experimentallf and theoretically?!® Spectral prop- -’ and by an e|geny§1|ue ctct - The Important feature of
erties of a three-body problem in a magnetic field present & the noncommutativityof its components irB: [Ky K, ]
considerable general theoretical intef@sOur approach is = —1(%B/c)Q, whereQ=ZXe; is the total charge. Introduc-

capable of describing the interaction between disckte ing the dimensionless operathkr= \Jc/AB| Q| K, which has

We start with a short overview of the dynamical symme-
tries of the Hamiltonian and of the operator formalism that is
most suitable for describing these symmetries for
single-particlé "% and few-particlé® e-h states inB.

A. Hamiltonian and dynamical symmetries
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canonically conjugate components, one obtains the loweringjhere the intra-LL operatorsBl(rj)= —ij C/ZﬁBe(RjX

and raising Bose ladder operators for the whole sy3ferh ~iR,) and the interLL operators ALr,)

Q = —i\c/l2hBe(II; +ill;,) [cf. Egs.(2) and (3)]. The op-

k.= ié(kxiiky)- (ks ko]1=- 1’ (2)  erators commute as[A.,Al]=1, [B.,Bl]=1, and
[Ae ,BZ]z[Ae ,Bc]=0. The analogous operators for the hole
From Eq.(2) it follows that k?=k,k_+k_k, has the dis- (charge e>0) are B}(r,)=—i\c/i2zBe(Knx+iKy,) and
crete oscillator eigenvaluesk2- 1, k=0,1,....There is a Aﬁ(fh)= —i c/2ﬁBe(ﬁhX—ifIhy); we used the freedom of

macroscopidLanday degeneracy in the oscillator quantum choosing an arbitrary phase of operators here. These opera-

numberk, which qualitatively describes the center of rotation tors can be considered to be linear functions of spatial coor-
of the charged complex iB. Therefore, the exact eigenstates dinates and derivatives, and have the form

of H can be labeled by the discrete quantum numibérs

andk; for e-h systems, because of the permutational symme- 1 P

try, there are additional exact quantum numbers, the total Aj;(r):B;(r):_(__ B—), 7
spin of electronsS,, and holesS;,, and their projections, V2\2ls Jz*

S.;andS;,,. Degeneracy ik leads to the existence of fami-

lies of macroscopically degenerate states. Because of the ; R 1/ z* J
commutation relatiofL,,k.]=*k., the quantum num- Be(r):Ah(r):E(TB_Z BE)? ®)

bersM, and k are connected uniquely in each family; this
was discussed in more detail elsewhtre. z=x+iy is the 2D complex coordinate, andg

Another operator of interest ﬁzﬁjﬁj ; its components = (4c/eB)Y? is the magnetic length. The single-particle an-

commute aiﬁx,f[y]zi(hB/c)Q. In analogy with Eq(2),  gular momentum projection operators ar‘éze=A£Ae
one therefore can introduce the second set of raising and B!B. andL ;;=B/B,—AlA,, so thatm,=—m,,=n—m.

lowering Bose ladder operators For zero LL's, for example, the explicit form is
A . “ ~ A Q (& (p\* — 4(h)
\/E X y [ + ] |Q|
~ ~ m 2
where = /c/#AB|Q| II. Note, however, that the operators — 1 ( z ) ex;{ _ r_) 9)
. do not commute and, in general, do not form a simple (2mmtI3)*2\ V2lg 413

algebra with the Hamiltonian. A special case is when all
particles have the same cyclotron frequengy=e;B/m;c:

! C. Three-particle 2e-h states: symmetries preserved
the operator algebra is closed

In what follows, we will consider the 2D three-particle
. _ . € 2e-h states(the charged excitoiXX™) in a magnetic fieldB.
[Hme]=+hogm-, m - const, (4 The corresponding Hamiltonian =Hy+H,,, where the
) free-particle part is given by
and the CM and internal degrees of freedom separate in this
case 2 1

B. Single-particle e-h states

The formalism of Sec. Il A can be applied to noninteract-

ing particles. This leads to a description in terms of so-called Ei;u Hoe(ri) +Hon(ry). (10
factored’1% single particlee and h states in a magnetic
field, The interaction Hamiltonian is

BT = PIN(T)*, (5) Hii=Heet Hop,s (1)
where n is the LL number, which determines the energy
fiweemny(nN+ 1), and ocqhy=€B/mgp,) are the cyclotron fre- H —U _ H..— U o 12
quencies. The intra-LL oscillator quantum number is denoted ee=Ued|r1=ral), Hen izzl,z er[ri=rs). (12

here agm. It is a single-particle version df analogously to

k, the energy is degenerate m. Wave functions(5) are In calculations(Sec. I1V) we will consider the Coulomb in-

constructed with the help of the oscillator Bose ladderteractionUee=—U¢p=€?/er. The total charge of the system

operators®’ For electrongcharge—e<0) Q= —e<0, and the raising Bose operatorkis . In terms of
the single-particleBose ladder operators it takes the form

1
(e) _ \n/pTym R
Pl 1) = ey 1A B0, © k-=BL(r)+BL(r2)~By(ry) (13
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and is a combination of creation and destruction operatorgepresentatior(20). In this work, we propose an approach

The Operato&_ is associated with the exact MT symmetry, that is Pased on theimUltaneougjiagona.“zation of the op-
and its diagonalization is a necessary step that allows one tratorsk_ and
keep this symmetry intact. R

It is convenient first to perform an orthogonal transforma- Ty =Ag(rl)+A:§(r2)—Ah(rh). (22
tion of the electron coordinatds, ,r,,rp} —{r,R,r}, where . . _
r=(r;—r,)/y2, andR=(r,+r,)/\2 are the electron rela- Although 7, IS not associated with any exact symmetry,
tive and CM coordinates. The free Hamiltonitiy is a bi-  Pelow in Sec. Il we show that such an approach reveals
linear form in the coordinates and spatial derivatives. Beinteresting new features of the problem and also leads to
cause of the orthogonality of the transformatioH,  9reat technical simplifications.
conserves its form in the new variable$ly=Hq(r)

+Hoe(R) +Hop(r,). The creation operatdiEq. (2)] takes l1l. UNITARY TRANSFORMATION AND OPERATOR
the form[cf. (13)] ALGEBRA
k = \/EBT(R) B(r) (14) A. Transformation matrix and new coordinates
-= e ~ Bpllh)-

Operators(15) and (18) have a simple representation in
§he new coordinatesp,=\2R—r, and p,=2r,—R:

Bl(R)=Bl(p,) and B/(r,)=B[(p,). This transformation

It can be diagonalized by introducing the transformed Bos
ladder operators

BL(R)=uBl(R)—vB,(r,)=SBL(R)S, (15)  can be conveniently expressed in the matrix forms
This is the Bogoliubov canonical transformation generated P\ .[R . cosh® —sinh®
by the unitary operatofsee, e.g., Refs. 10, 18, and)19 o) =F -E — sinh® cosh® (22
S=exp0L), (18 \ith cosh®@=12, sinh®=1. The matrixF is symmetric,
Z—BI(r)BI(R)—By(R)By(r) 17 FT=F (T denotes a transpositignand unimodular|Det" |
e L

_ _ =1, but nonorthogonalET#F~1. The Bose ladder opera-
where © s the transformation parameter amd=cosh®  tors are changed under the Bogoliubov transformati&is.
=\2, v=sinh®=1. Now we have k_=B] and k? (15—(18)] according to the same representation:

=2B!B.+1. The second linearly independent creation op- + + +
erator is ~( Be(R) )~ST:|3( Be(R)) (Be(pl)
Bh(rn) Bn(rn) Bhn(p2)

Bl(rn)=SB/(r)S =uB/(r,) —vB«R), 18
nl'h) ot h.) h(_ W ~vBe(R) ( .) In Eq. (16) we considered real transformation parameégrs
Chargede-h systems with an arbitrary number of particles generally, ® can be complex which corresponds to the

) . (23

are considered in Appendix A. SU(1,1) symmetry?

We deal in fact with a sort of field?th_eqretical problem  The Coulomb interparticle interactiof&gs. (11)] Hin
because the number of releyant statemfmite. As an ex- = Heet Hep in the coordinatesgr, p; ,p,} take the forms
ample, the diagonalization d&f_ introduces a new vacuum
state ’ e? )

P  Ber’ (24)
|0)—10)=S]0). (19
A complete orthonormal basis compatible witiloth axial \2e? J2¢e?
and translational symmetries can be constructed Hen=— - . (25
elpo—r|  €lpotr|
AL ALR)RAL(r) "BL(R)*BY(rp)'BL(r)™[0) The important result is tha;,, does not dependn p,. Later
(n,!ng!ny k! m! )22 on we will see(Sec. Ill O that the new coordinates can be
associated wittnew effective particlesn B—two electrons
=|n,ngnp, ;kIm). (200  with the coordinates andp, and one hole with the coordi-
The tilde sign shows that the transformed vacuum gGite nateps.
and the transformed Operf_altcirEqs. (15) and (18)] ar.e |r_1- B. Coherent states and Hamiltonian transformation
volved. In Eq.(20) the oscillator quantum number is fixed
and is equal tok, while M,=n,+ng—n,—k+I—m. The Note that Eq(20) has a mixed form: the inter-LL opera-
permutational symmetry requires that—m must be even tors are expressed by the variableR,r}, and the intra-LL
(odd for electron singleS,=0 (triplet S;=1 states operators by the variablefg,p,,p,}. From Egs.(24) and

The vacuum statéd) is in fact a coherené-h state(see (25) it is clear, however, that it is desirable to work in the
below). It was shown in Ref. 13 that it is feasible, though coordinates{r,p;,p,}. As a first step, let us establish the
cumbersome, to calculate the Coulomb matrix elements igoordinate representation of the transformed vacyOin
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Disentangling the operatdfs'® in the exponent ofS, one (O|(R+r,)2[0)=4(2+\2) 13=13.712. (31)
obtains the normal-ordered form

Note now that the representation|6f in the coordinates

~ tot has a qualitatively different form,
S=exptanh® B;B,)

X exp{ — In(cosh®)[BIB.+B/B,+ 1]} 5 1
(fplpz|0>=\/§(T|2)3,2
B

X exp(—tanh® B.By,). (26)
Therefore, 124 p2+ p2+ 22, 2%
erefore wexd — P1 P22 142 (32
415
0)=S10)= o &M tanh® By (ry)Bo(R)][0). where Z;=p;,+ip;y, j=1 and 2. It can be seen from Eq.

(270 (32 that |0) is a coherent state that contains contributions
from infinitely many e and h higher LL's of the effective
State (27) is a coherent e-h state in the sense that the particles This corresponds in fact, to an additional unitary
anomalous  two-particl expectation value exists, transformation involving thénter-LL ladder operators
(0|B/(rp)BI(R)[0)=uv #0. In the terminology of quantum
optics!® this is atwo-mode squeezed state the present 5 1 R : =
situation of particles in a magnetic field the squeezing has a 10)= c5grg &*H ~tanh® Ay(p2)Ac(p1)]|0)=S'|0),

direct geometrical meanindn order to see this, let us obtain (33
a representation of the vacuum in the coordingteR,r}.
Using tanh®=1/\/2, and cosi®=1/2, we have where

S=exp0L), (34)

(rRr h|0>:—\/§(21ﬂ§)3’2

r2+R2+r2—\2z*z,
xexpl — .
415

L=Al(p)AL(P2) — An(p2)Ac(py). (35)

(28)  The state introduced in E¢33), |0), corresponds to a simul-
taneous diagonalization &_ and 7 :

Comparing Eq.(28) with Eq. (9) and using \2Z* =77 o .
+25 , we first note that the new vacuum st4@ contains |0) ——— [0)=585|0)=S50). (36)
contributions of an infinite number @& and h states in the
zero LL. In fact it is a coherent state of the hole and the
center-of-chargeof two electrong! and there are correla-
tions in their positions(0|R-r,[0)=2y215+0. It turns out — r2+ pi+ p
that the probability distribution function can be presented in (rpup2|0) = 2,325~ 2

. (2mlg) 415
the following factored form

The coordinate representation

(37

shows thatE) is atrue vacuunfor both the intra-LLBZ(pl)
and Bﬁ(pz) and inter-LLAE(pz) andAZ(pl) operators. The
latter transform according to representati@g):

<(A2;(R))_ A(A;(R)) (Al(pl))
An(rp) An(rp) An(p2)

(29 This allows us to perform the desirable complete transforma-
tion {r,R,r,}—{r,p1,p2}. Indeed, using the commutativity
[S,Al(r)]=0, the transformation

This shows that the distribution for the relative coordinate

R—ry is squeezedt the expensef that for the coordinate

R+ry, and the variances are

[(rRr[0)[?

1 F{ r?
= ex _—
2ml3 212

2-\2 p[ 2—\2
X expg —

2
4lg

(R—rp)?

2+\/§ex;{—2+\/§

2 2
41lg Ig

AL(R)"RA(r) St =STSAL(R)"RA] (1) ST
=S'Al(py)"RAL(po)™, (39
(O](R—rp)?0)=4(2—2) I3=2.313, (30 and Eqs(20) and(36), we have
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StAl(n™ Al p)"RAL(p,) "BL(p1) Bl(p2)'BL(r) ™ 0)

n,ngny ; kim)= =S'|n,ngny, ;kIm). 4
| r''R'h» > (nr!nR!nh!k!I!m!)llz Sl r''R''h» > (0)
|
The overline shows that a state is generated in the usual way 2 4" ©
by the intr_a- and inter-LL ladder operators acting on the true f der ¢> Ued \/_|r|)¢n1m1(r)
vacuum |0)—all in the representation of the coordinates
{r.p1,p2}- =5 |:”1m1 (44)

The HamiltonianH is block diagonal in the quantum "ML g m,

numbersk and M, (and S, and S)). Morover, due to the Note the length scale changeli. For the Coulomb inter-
Landau degeneracy i it is sufficient to consider only the actlonUee(|r|) e’/ €|r|, Eq. (44) reduces to the matrix ele-
states withk=0. This effectively removes one degree of mentsV, ! " 1 ! describing the interaction of the electron with a
freedom. The constraint following from conservation\df

removes another degree of freedom. This corresponds to fixed negat|ve charge-e: Fn ml ml/\/f. The explicit
possibl&”’ partial separation of the CM motion from internal Vo e
degrees of freedom for a charge¢h system in a magnetic
field.

form of the matrix elements |n lowest LL's can be found
elsewherd317:22

. . The HamiltonianH,,, depends omp,, and is therefore af-
From now on we will consider the=0 states only, des- ; 4 by th ¢ B4 S Th f th
ignating such states in Eq40) as |n.ngn,;Im). For the ected by the transformatioHep, e generator of the

Hamiltonian, we therefore arrive at the unitary transforma-Bogoliubov transformationsC [Eq. (35)] and Hp, do not

tion form a closed algebra of a finite order. It thus appears that it
. . is not possible to establish the form S hST in the general
(Mul 2, NpaNroN o |H N 1NR1NKL; TiMy) case® It is p055|ble however, to determine the form of the

matrix elements oBH,;,S' in Eq. (41). Because of the per-
mutational symmetry, the two terms .y, [Eq. (25)] give
equal contributions; it will be sufficient to consider the term
C. Transformed Hamiltonian Uer(po—1)=—¢€% €|p,—r| only. In order to illustrate the
approach, here we consider the states in zero LLs
|000;im)=|Im). Disentangling the operators i analo-
gously to(Eg. 26, we have

=(Myl2;NpaNraNyo SHST|N, ingynpg s 1imy). (4D)

We should now work out how the total Hamiltonidih
=Hy+H;y changes under the transformati@S’. Note
first that the free Hamiltonians transform &-IOe(r)S

=Hoa(r),  SHoe(R)S'=Hoe(p1),  and  SHon(rp)S'  (mylo[SUySTTsmy)=Ug2 (2

=Hon(p,); this is evident from Eq.38). Therefore, the o

transformed free Hamiltonia§H0§ is diagonal in the co- =%(mzlzlef(”"?)Ae(”l)Ah(”Z)
ordinates{r,p,,p,}, and describes the aforementioned new b
effective particles—freee and h in a magnetic field. The X Ugpe™ &P APl m,).
peculiarity of the situation is that the whole interaction (45)
Hamiltonian—before transformatior{41)—does not depend

Expanding the exponents and exploiting the fact that

on p; at all. X )
ol Uan(po—1r) does not depend opy, we obtain a series

The Hamiltonian of the e-e interactions Hge

=U.«\2|r|) can be handled in a straightforward way: it o
does not depend om, and p, and, therefore, is invariant: _gmi g:i— z 2 (%)Pugziz:i. (46)
§Hee§1‘: Hee. (42 The matrix elements of the-h interaction in different LL's

Thus, the matrix elements of theee interaction are easily are defined on wave functiorts) in the usual way as

obtained from Eq(41) and(42):

f o? fdzrz o (1) i (12)
(Ml NhoNRoN 2| Hee NraNR1NAg ;T 1My) ) ©
XUen(Ir1=r2l) dnom,(12) biom, (1)

nymy

=(Myl;NpaNRroNra|Hed Nr1NR1NRg ;11My)

ror

— Nyomy == 5 _ _ + " m =n'+m’ nlml n2m2_
N 5nR1'nR25nhl’nh2§|l'|25nr1_m1'nr2_m2Fnr1ml’ 17 My N My, My =My =Ny My = ngmy nymy
(43) (47)
W Note that Eq.(46) includes contributions frominfinitely
with Fnimi defined as manyLL's. The method of performing infinite summations in
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Eq. (46) is presented in Appendix C. For the matrix elements
of Hep in zero LL's we finally have

T(10)

-0.57E,

omy ol
(M 15| SHepST[1; my) = O —my l,— mZZﬁUoﬂsz

(48)

The analytical form oﬂjom2 0'2 is given by Egs.(C5) and
(C7). For the matrix elements of the Hamiltonidih, in-
volving higher LLUs ng, andn;, in Eq. (41), we obtain infi-
nite summations similar to E¢46). These can be performed
by the method described in Appendix C.

The mathematical tools developed in this section allow us
to reduce the three-particle Schinger equation irB to a
secular equation following from the expansion in the basis
(40). Because oM, andk conservation, we have foymn-
stead of six independent orbital quantum numbers. An im-
portant property of this basis is that any truncation of it does
not break the translational invariance, since the exact quan- ,=-
tum numberk has been fixed. Transformatiori86), and k=0
(41), together with the properties of the transformed Hamil-
tonian SHS' established above, are the main formal results FIG- 1. Schematic drawing of theezh electron tripletS.=1
of this paper. eigenstates in zerongn,)=(00) and first electronn(n,)=(10)
LL's and the allowed internal transitions from the triplet ground
state X;po. The shaded dot indicates the presence within a con-
tinuum of a quasibounX ™ state(see the text

IV. X~ RESONANCES IN HIGHER LANDAU LEVELS

Now we apply the developed formalism for a description

of the 2e-h states in high magnetic fields, LL's, there are two different overlapping MX bands. One

corresponds to th&y, MX (e andh in their zero LL'9, plus
T e2 a second electron in a scattering state in the first LL. The
hwee, hocp=Eg \[2 (49 second, narrow continuum corresponds toXhgMX (e the
first LL andhin the zero L. The lower continuum edge lies
when LL’ s remain well definedE, is the characteristic en- at the X;o ground-state energi,o=—0.574,, which, for
ergy of the Coulomb interactions. Neglecting mixing be-the |SO|ateXmOa is achieved at dinite CM momentumK,
tween LUs (the high-field limiy, the three-particle @h  =1.1%lg". Importantly, in two dimensions this produces a
states can be labeled by a pair of quantum numbeys,j, van Hove singularity in theX;q density of statesgs,ng(E)
describing the electron LL numbeg=n,+ng [see Eq(41)] =M3*Ko/mh JE—E1, where M;;=3.62:%/Eol3 is the
and the hole LL numben,,.!® For the states in, e.g., first effectlvé2 X0 Mass.
electron and zero hole LL'sngn,)=(10), basis(40) in- The boundX™ states form discrete spectra, and are char-
cludes states witm,=1, ng=n,=0 andng=1, n,=ny acterized bybound internal motions of all particles. Such
=0 with|—m+1=M, andk=0 fixed. Even in a given LL states lie outside the continuum. In zero LL's, there is only
the basis is infinite. Here we present the results of numericadne bound state—the triple;o, with a small binding energy
few-particle calculations of thee2h eigenspectra in several 0.044, (counted from the lower continuum eddé°In a
of the lowest LL's (.n,) obtained by diagonalization of 2D system in the higl® limit, there are no bound singlet™
finite matrices of order (2—53 10°. Such finite-size calcu- states in the zero LL'$? In the next electron LL ifeny,)
lations provide a very high accuracy for bound sta@is-  =(10), there is also only one bound state, which is the triplet
crete spectg and are also capable of reproducing in somex,, state with a larger binding energy 0.@8§">'°Here we
detail the structure of the three-particle continuum in highdo not discuss the discrete excited three-particle Statiest
fields. This is because in our approdachoff-diagonal Cou- [ie above LL’s.
lomb matrix elements fall off exponentiafly,and (ii) the In  addition, guantum-mechanical resonances—
three-particle configurational space in the high-field limit hasquasibound three particle states—can exist in the continuum.
a dimension of 1: two exactM,,k) and three approximate Such a possibility appears plausible for charged 2D MX’s
(ne=n,+ng,ny) quantum numbers have been fixed. because of the van Hove singularities in the density of states
Schematically, the spectra of the triplet-zh eigenstates of neutral MX’s. Quasibound states, because of long-range
in the two lowest LL's are shown in Fig. 1. The hatched areasscillating tails, do not have normalizable wave functiéhs.
correspond in Fig. 1 to the three-particle continuum. It isNevertheless, they have large probabilities of finding all
formed by the states of the neutral magnetoexcitehX), three particles together in real space. In optical transitions
which hasbound internal e-h motion and extendedCM  quasibound states may produce Fano resondhespectra
motion?? and an electron in a scattering state; the latter orwith highly asymmetric line shapes that are determined by
average is at infinity from the MX. For thengn,)=(10) the coupling between a quasibound state and a continuum.

ElB
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0.25

. . . T . photoluminescendéare also expected to exist in the spectra.
1 ) - An experimental search for such resonances require high
Internal X, transitions quality samples with small inhomogeneous broadening.

0.20 -

ce.

V. CONCLUSIONS

Gaussian convolution
-------- No convolution

To

0.15 -
We have developed an expansion in LL's that is compat-
ible both with rotations about th® axis and magnetic trans-
lations. The operator approach allows one to partially sepa-
rate the center of mass from internal degrees of freedom for
chargede-h systems in magnetic fields. The proposed uni-
' Q tary transformation of the Hamiltonian may be useful in vari-
2% TR ous solid-state and atomic physics problems dealing with
s TR %5 o8 04 05 % systems of charged particles in magnetic fields. Here we
Transition energy (E,) have considered 2D systems; however, the developed ap-
proach can also be applied to 3D systémfor the separa-
FIG. 2. Dotted line: spectra of the transitions from the triplet tion of the coordinates in the plane perpendiculaBto
Xi00 Oround state to the continuum in the first electron LL. Solid \We have found evidence that, in addition to discrete
line: the spectra convoluted with a Gaussian of the (Eywidth. bound states, quasibound stat@ssonances of charged
The labeling of peaks corresponds to Fig. 1. The filled dot ShOWFmagnetoexcitonS(’ exist in the continuum of higher Lan-
the position of the forbidden bound-to-bouKg),— X,y transition.  qay levels in 2D systems; to our knowledge this is a quali-
tatively new feature in the three-particle spectra in a mag-
We have found spectra of this sort in internal transitionsnetic field. Experimentally, such states may be observed as
from the 2D tripletX,o, ground state to the next electron LL Fano-resonances in the interband and intraband optical spec-
(Fig. 1). Such X~ internal transitions are strong, and gain tra.
strength with B. The transitions must simultaneously
satisfy’® the two exact selection rulesAk=0 and ACKNOWLEDGMENTS
AM,==*1. Because of the selection rules, the bound-to-
boundX;y;— X1 transition turns out to be strictly prohibited
in a translationally invariant systet.The allowed transi-
tions are therefore photoionizing transitions to tben-
tinuum They have intrinsic linewidths- 0.2, with a sharp
onset at the threshold energy that is equat te.. plus the
Xi0o binding energy(transition 1 in Figs. 1 and)2There is
also a prominent feature at an energy abowt.+ 0.5 —
the second peak denoted as transition 2 in FIgS 1land 2. The Charged e-h Comp|exes, such as Charged mu|t|p|e

predicted® double-peak structure in the singlet and triplet excitond? X and multiply charged excitoAsX ¥, may be

X~ internal photoionizing transitions was obserfedn  pound and stablén quasi-2D systems. Let us demonstrate
quantum wells in magnetic fields. The positions of the peakshat for a charged system containing an arbitrary number of
are in good q_ua_ntltanve agreement Wlth calculations Pern, electrons and\;, holes(with, e.g.,Ne>Ny,), a transfor-
formed for realistic parameters of quasi-2D quantum wells afation analogous to Eq$15)—(19) can also be performed.
finite fields, as described in detail elsewh&é: The exis- | et us first separate the center of masses ofetand h
tence of the second peak was previously associateith a  subsystems. This can be done, for example, with the help of
high density of final states at the lower edge of Kig+ey 3 |inear orthogonal Jacobi transformation: For the electron

continuum. coordinates we have{ro}—{T}, where To=(Z|_;re

Our present high-accuracy calculations have revealed the". e adti ! . .
fine structure of the second peak. When the spectra are con—”e‘”)/,,'(I +1), '_Nle’ - - Ne—1 are the internal coordi-

voluted with the Gaussian of the 0.@Egwidth, which simu-  nates andey =Re=2;* r;/\N, is the electron CM coor-
lates a relatively large inhomogeneous broadening, the sedlinate. An analogous transformation is performed for hole
ond peak has a “camel-back” shape. However, when nccoordinates. Note that the orthogonality of the transforma-
artificial broadening is performed, a shape typitaif the tions ensures that tie, andR, degrees of freedom carry the
Fanoantiresonances clearly present in the spectfBig. 2.  charges+ e, respectively. We have, therefore,

This is an evidence that quasibound charged MX's exist

within thethree-particlecontinuum. Note that such states are - [ Ne BR) -/ Np B (R AL
absent in the two-particle spectra of the strictly 2D neutral -~ VNN, e(Re) No— Ny, n(Rn), (A1)
MX's that have essentially bound relatieeh motion?2 such : _

states exist for buf® 3D and confine®f quasi-1D neutral WhereB, andBy, are thee andh CM intra-LL ladder opera-
MX’s. Here we considered the spectra of inter¥al transi- ~ tors. We can now see that, analogously to &d), the Bo-
tions. Resonances that are optically active ingoliubov transformation diagonalizirig? should involve the

0.10 | Fano resonance

t10

X

Absorption (arb. units)

00

The author is grateful to B.D. McCombe for useful dis-
cussions. This work was supported in part by a COBASE
grant and by Russian Ministry of Science program “Nano-
structures.”

APPENDIX A: CHARGED e-h SYSTEMS
WITH AN ARBITRARY NUMBER OF PARTICLES
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intra-LL e and h center-of-mass operatorBl(Re) and states ,)"|m) are also exact eigenstates of the Hamil-
Bn(Ry) with ® =tanh *(\/N,/Ng). tonian[see Eq(4)] and correspond to thieee CM motion in
then-th LL.

APPENDIX B: ELECTRON SYSTEMS

It is interesting to compare theth systems with systems APPENDIX C: COULOMB MATRIX ELEMENTS
of charges of the same side.g.,e;<0 for all particlesj). oo . . .
To illustrate this we consider the simplest possible system of In order to perform the infinite summations in Ha#), it

tWo neaative charges. e.<0 of massesn. andm.. The 'S convenient first to obtain the presentation of the matrix
9 9ee., € 1 2 elements(47) using the Fourier transform: Expressing the

raising operatok . has the fornfcf. Eq. (14) and(A1)] exponent exp(-r) in terms of the intra- and inter-LL ladder

operators, one obtaitfs
- [ e + [ e +
= J,— .
e, te, Be(ry) e+ e, Be(r2) (B1)

2
. . . Unlml pm2: U ( )
This can be considered to be a result of the unitary transfor- nymy pm, 5 Yenld
mation (2m)

x(n{|D(ig*)|ny) (m{|D(q)|my)

X (my|D(=q)|mj) (p|D(—ig*)|p).

SBL(ry)ST=uBl(r))+vBl(ry) (B2)

where S=exp(pL) with the generatorL=B£(r1)Be(r2)
—BJ(r,)Bg(r1). The transformation parameters are given by
u=cose=+e;/(e;+e,) andv=sing=+e,/(e;+e,). Note -
that contrary to thee-h systemgsee Eq.(27)], the vacuum Hereq=(qx+iqy)IB/\/? and the matrix elements of the dis-
state does not change under this transformasi@) =|0). placement operattt D(«a)=exp@A’—a*A) between the
Another way of looking at this result is to consider EB2) oscillator eigenstates have, e.g., foxn’, the form

as a transformation following from therthogonaltransfor-

mation of the coordinates

R n! n’—n o—le|?2; n'—n 2
(Rl) A(rl) . ( cosg sin<p) (n'|D(a)n)= \/n—”a e LD "(Jal?),
=G , G= (B3) :

R, | —sing  cose)/

(CD

‘, (€2
The matrix G is orthogonal, i.e., satisfie&™=G*. The  \yhere L3(x) are generalized Laguerre polynomials)(x)
electron Bose ladder operators are changed accordiff.to  _ L,(x). Using EqQ.(C2) and the generating function of the
Egs.(22) and(23)] Laguerre polynomia

5( BZ(“))ST é( Bl(n)) (BZ(R1)> 4
= = ) XZ
Bl(ry) Bl(r)) | BI(Ry) . exp( Xz
For real parameters of transformatignwe deal with @2) nZO La(x)Z"= (1—z5 1’ |2]<1, (C3)
matrices, in general the symmetry groupS&)(2). The co-
ordinate representation of the vacuum state . . .r;|0) biai
~exp(=3; r2/4l g) contains a bilinear form in the exponent we obtain
and is |nvar|ant under orthogonal transformations.
The orthonormal basis of states witk=0 andM ,=—m 1” 17 (1P
in, e.g., zero LL is - E (plD(—lq )p)=e" —x/2 2 2 L(x)
252 2 =o\2) 7P

— —3X/2’ C4
)= F[”B(“) vBl(r)]"0).  (BS) e (€4

wherex=q? B/2. For matrix element§46)
For u#v these states do not have definite parity under the

permutationr,<r,. The Coulomb interaction energies are

given by the expectation valués|U.«(r,—r,)|m), which oM 0la_ s U.. . (|my—my))
solves the problem in the high-field limit. Note that the form  ~ 0m; 01, 91y my 1= m,Umin(my my),ming 1) (1M1= Mel),
of eigenstate$B5) does not dependn the form of the inter- (CH

action potential. (cf. Ref. 11. Note that if the charge-to-
mass ratio is the same for all particles,/m;=const, the we therefore obtain the integral representation
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_ m!n! vz Eo
Unn(S)=| ———— U, =—
mn (m+S)!(n+S)! Umn(S) [m!(m+s)!n!(n+s)!]l/22m+n+535+1/2
qu ~ m n
X [ ——U e xSt (X)LE(x).
j(277)2 eh(q) m( ) n( ) szo IZEO Cﬁ]cln(%)kﬂ[Z(k‘F"l‘S)—l]“
(Ce) o
For Coulomb interactions with a 2D Fourier transform x[2(m—k)—1]11 >, CPCP_, (—1)Pp!
Uen() = — 2me?/ eq, the integral in Eq(C6) can be calcu- p=0
lated analytically using generating functidit3), as de- 0
scribed in detail elsewheré2° The final result is X[2(n=I=p)—1]!. (C7)
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